
0. a, b, c, d � ïîïàðíî ðàçëè÷íûå ÷èñëà. Ðåøèòå óðàâíåíèå

(x−a)(x−b)(x−d)
(c−a)(c−b)(c−d)

+
(x−b)(x−c)(x−d)
(a−b)(a−c)(a−d)

+
(x−c)(x−a)(x−d)
(b−c)(b−a)(b−d)

+
(x−a)(x−b)(x−c)
(d−a)(d−b)(d−c)

= 1 .

Ìíîãî÷ëåíû, ÷èñëà, ôóíêöèè è óðàâíåíèÿ

1. Íàéäèòå âñå P (x)∈R[x], òàêèå ÷òî xP (x−1)=(x−2)P (x) ∀x∈R.
2. Ðàçëîæèòå íà ìíîæèòåëè ìíîãî÷ëåí x4 + 1.

3. Ðåøèòå â êîìïëåêñíûõ ÷èñëàõ óðàâíåíèå z2 − (3 + 2i)z + 6i = 0.

4.Ìíîãî÷ëåí ñòåïåíè n èìååò n ðàçëè÷íûõ äåéñòâèòåëüíûõ êîðíåé. Êàêîå íàè-
áîëüøåå êîëè÷åñòâî åãî êîýôôèöèåíòîâ ìîæåò áûòü ðàâíî íóëþ?

5. Ñóùåñòâóåò ëè ôóíêöèÿ f , îïðåäåëåííàÿ ïðè âñåõ ∈ R è äëÿ âñåõ x, y ∈ R
óäîâëåòâîðÿþùàÿ íåðàâåíñòâó |f(x+ y) + sin x+ sin y| < 2?

6. Íàéäèòå âñå ôóíêöèè f : R→ R, òàêèå ÷òî f(x)+xf(1−x) = 1+x ∀x ∈ R .
7. Íàéäèòå âñå f : R→ R, óäîâëåòâîðÿþùèå f(x) · f(y) = f(x− y) ∀x, y ∈ R .

Çàäà÷è äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ

8. Íàéäèòå âñå ìíîãî÷ëåíû R(x), òàêèå ÷òî xR(x− 5) = (x− 4)R(x).

9. Ðàçëîæèòå íà ìíîæèòåëè ìíîãî÷ëåí x10 + x5 + 1.

10. Ðåøèòå â êîìïëåêñíûõ ÷èñëàõ óðàâíåíèå z2 + z + 1 = 0.

11. Ìîæåò ëè ìíîãî÷ëåí 1 + x
/
1! + x2

/
2! + · · ·+ xn

/
n! èìåòü êðàòíûå êîðíè?

12. Äàíû a, b, A,B ∈ R è

f(x) = 1− a sinx− b cosx− A sin 2x−B cos 2x.

Èçâåñòíî, ÷òî f(x) > 0 ∀x. Äîêàæèòå, ÷òî a2 + b2 6 2, A2 +B2 6 1.

13. Íàéäèòå âñå ôóíêöèè, òàêèå ÷òî f

(
x+ 1

x− 2

)
+ 2f

(
x− 2

x+ 1

)
= x ∀x.

14. Íàéäèòå âñå ôóíêöèè f : Q→ Q, óäîâëåòâîðÿþùèå óñëîâèÿì
(i) f(1) = 2 (ii) ∀x, y ∈ R f(xy) = f(x)f(y)− f(x+ y) + 1.

15.* Äëÿ çàäàííûõ íàòóðàëüíûõ ÷èñåë k0 < k1 < k2 âûÿñíèòå, êàêîå íàèìåíü-
øåå ÷èñëî êîðíåé íà ïðîìåæóòêå [0, 2π) ìîæåò èìåòü óðàâíåíèå âèäà

sin k0x+ A1 sin k1x+ A2 sin k2x = 0 ,

ãäå A1, A2 ∈ R.
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