Omunmvmmaga mo maremaruke JIOITI-2015

KpaTrkue npaBujia u perjiaMeHT

Kaxknasg 3agada cjaeTcd YCTHO B OMeIleHun »Kiopu. [lepes crageii momesno
II0JIPCOTOBUTDH BBIUMCJICHUSA, (POPMYJIbI U PUCYHKHU, HO MOJAPOOHO 3allMChIBATL PEIICHHEe
He Hy>kHO. [Ipu pererun 3a1a4 1M0Jb30BATHCST MOXKHO TOJILKO CBOEH OyMaroii, pydkoii
U I'OJIOBOMA.

YJleHbl XKIOPH 110 Pe3yJabTaTaM ODIIEeHUs ¢ YIaCTHHKOM

(i) JmbO 3acUUTHIBAIOT PEIIEHKE, IPU3HAB €0 MOJIHOCTBIO BEPHBIM,

(ii) s1m6O OTKA3BIBAIOTCS 3aCYUTHIBATH PEIIEHHE U apl'yMEHTHPYIOT 9TO.

Pesysibrar ormedaercst B kaprouke yuacrHuka u B nporokoJie (0 win 1). Ha kaxiyto
3a/1a4y OTBOJIATCS TPU IMOMBITKH.

[[TkonbHUKM, KOTOPHIE B MOMEHT OKOHYAHUS OJIMMITAA IHI UMEIOT HEC/IaHHbIE PeIleH-
Hble 3aJla41, UMEIOT 11PaBO Ha OJIHY IIOIBLITKY C/laTh UX.

Ha Bompoch! 110 3a/1a1aM 0TBEYAET TOJBKO MPEICEIATEb XKIOPU OJUMITHAJIb (OH OY-
JIET PEryJsipHO 3aX0UTh B KaOuHeThl ). CHOPHBIE BOIPOCHI PEITAET TOJBKO 3aBeJTy O
OT/IeJIEHUEM MATEMaTUKMU.

YcaoBus u penieHus 3aja4u B miia et jsure (8-9 kJjacc)

1. Haiiaure xorst 661 0110 pernenne quciaosoro pebyca AX? = OOX. OannakoBbim
OyKBaM COOTBETCTBYIOT OJIMHAKOBBIE IU(MPHI, PA3HBIM —pa3HbIe,

1 SOLUTION. Yucso AX 3akagumBaercs Ha Ty »Ke Mudpy, ITO U €ro KBaJpar.
D10 o3HadaeT, 9T0 OHO oKaHuuBaercs Ha 0, 1, b wam 6. KBajgpar uncia AX — gucio
rpex3HagHoe. 1o 3uaunT, 4r0 AX menbiie 40, To ecth nepBas nudpa 1, 2 wim 3.
Bcero BapuanTos 4 x 3 = 12. Ilepebopom HaxonnM perenus 152 = 225 n 212 = 441.

2. Bce meuérnanie uncaa ot 3 10 49 paccrapienbl 110 oKpykHOCTH. JIBa umnciia co-
eJIMHEHbI XOPJION TOI'/Ia U TOJbKO TOI'JIa, KOIJa OJIHO U3 HUX JieJuT jJpyroe. Jlokaxkure,
YTO HAMYTCSA JIBE XOPJbI, TTepeceKatonmnecs BHYTPU OKPYKHOCTH.

2 SOLUTION.
IlepBoe pemtenme. IIpejnosnokuM obpaTHOe: HUKAKKE 2

3 1
JIBe XOp/ibl He TepecekatoTcst. Pacemorpum ducsa 15 u 45,
OHM COEJIMHEHbI XOPJ0#, KOTOpasi Pa3sduBaeT OKPY2KHOCTD /
Ha JIBe YacTH. ducaa 3 U O COeUHEHBI C KAaXKJIbIM U3 HUX, 15 25

IIO3TOMY OHHM II0 pa3Hble CTOPOHBI OT XOP/bl 15-45. Hucso

21 JIoJI>KHO ObITH 110 TY K€ CTOPOHY OT XOPJbl 15-45, 4To
U 9HUCJIO 3; YUCTO 3D JIOIKHO OBITH MO TY K€ CTOPOHY OT
XopJibl 15-45, uTo u uncio 5. Torna aubo xopaa 7-21, 1mudo
xopaa 7-35 mepecekaeT xopay 15-45.



Bropoe pemnierme. 3ameTnM, 9TO MEXKJy UUCTAMHU 3 W O CYIIECTBYIOT TPU IIYTH
1o xopjaM 6e3 obimx Bepinun: 3-15-5, 3-45-5, 3-21-7-35-5. Ho paszmecturh Tpu mnyTu
O JIBYM Jlyram 0e3 camolepecevdeHunii He yJ1acTcst.

3. CymiecTByeT i1 TPeyroJbHUK C BepIIMHAME B y3JaX CeTKU KJeTdaroil OyMaru,
Yy KOTOPOTO TOYKa MEPECEYCHUsT BLICOT, TOUKA, MEPECeYeHNsT MEINaH, EeHTD OMMCAHHO
OKPY?>KHOCTH M IICHTDP BIUCAHHONH OKPYKHOCTH TAKKE JICXKAT B y3JIaX CeTKn?
3 SOLUTION. [/Ia, cymecTByer.
Beegem cucremy xoopaunar Oxy BIoJb JUHUA ceTku. BosbMeMm TpeyroJbHUK C
seprumiamu B Toukax A(0,0), B(18,0),C(0,24).
(i) Y Hero mMeHTp BHUCAHHOW OKPYXKHOCTH MMeeT KoopuuaThl (6,6) (pajamyc

OKPY2KHOCTH, BIIMCAHHOW B NMPAMOYTOJIbHBIN TPEYrOJIbHUK, MOKHO TTOCYUTATH I10

a+b—c
dopmyiie — 5 rjie a,b — Karerbl, ¢ — rUIOTEeHy3a).

(ii) IenTp ormmcaHHON OKPYKHOCTH MPSMOYTOJHHO-

rO TPEYroJIbHUKA JIEXKHUT B CEPEJMHE MMIOTEHY3bl [N
BC — rouke Aj: (18/2,24/2) = (9,12). Touxa N

epecevdeHus MeauaH neanT meanany AA; B oT-

HolleHuu 2:1, cuuTasi OT BEPIIUHBI, TOITOMY ee )

> 22—
KoopmHarbl pastbl (6,8) (AM = gAAl)-

P

(iii) Ocranoch TOJBKO 3aMETUTh, YTO TOYKA [EPEece- I N

9eHUS BBICOT (OPTOIEHTP) B MPSIMOYTOJIBHOM Tpe-

YTOJIbHUKE COBIIaJa€T C BepH_H/IHOfI mpsAMOTO yrJIa.

4. B komnanun u3 20 deyoBek s JIOOBIX TPOUX HaMIETCs YeJ0BEK, KOTOPHII 3Ha-
KoM ¢ HuMHU. JlokakuTe, 410 HalIETCs YeJI0BEK, UMEIOIIUI He MeHee JIEBSITH 3HAKOMBbIX.

4 SOLUTION. Bcero Tpoek sojeit B 91oit komnanuu — Cyy = 20 - 57. TlosTomy
KTO-TO 13 20 J1o/ieil mo/KeH 3HaTh He MeHee o7 Tpoek. Ho ecim dejioBek mMmeer MeHee
9 3HakoMcTB, TO oH 3Haer He 6osiee Cy = 56 Tpoek.

5. Hokaxure Hepasenctso 25(ab + cd)? > 16(a® + d?)(b* + ¢*), ecim a,b,c,d —
JleficTBATEIbHBIE YHCJIa, KaXK/0e U3 KOTOPBLIX He MeHblne 1 u He OoJiblie 2.

5 SOLUTION.

IlepBoe peineHue. 3aMeTuM, UTO CIPABEJJINBO «TOXKJECTBO JBYX KBaJPaTOB»
(a® + d*)(b* + ) = (ab + cd)? + (ac — bd)>.

[lofcrasiss sTo B Hante nepasencTso, noxyanm 9(ab+cd)? > 16(ac— bd)?. Moxem
cauraTh, 4ro ac = bd (wHade nepeoboznaunm). Torua JOCTATOUHO JOKA3ATh, YTO

4bd + 3ab + 3cd > 4ac.

HO,ILGHI/IB Ha ac, IIOJIy49UuM

bd b d 1 1
4——+3-4+3—>24-—-- -
ca c a 2 2



Onenkn gpobeit, BXOJASNIUX B MOCJIEHEE HEPABEHCTBO, MPAMO CJIEAYIOT U3 YCIOBUS.

Bropoe pertenne. Pacemorpum jiBa Bektopa: T = (a,d) n § = (b, ¢). 3amernm,
aro ab + cd — cKaJdspHOe TIPOM3BeJIeHIe STUX BEKTOPOB, a’ 4 d? = T2, b> + 2 = 7°.
Hy»xno jokasatnb, uro 25(%,7)? > 167272,

ockoubky (T,Y) = || [y] cos ¢, nepasencrso pasnocnibo Takomy: cos® ¢ > 16/95,

To ectb |cos | > 4/

N306pasum Ha TJIOCKOCTH MHOYKECTBO TOUYEK, B KOTOPHIX MOTYT HAXOANTHCA KOHIIHI
HaIllUX BEKTOPOB T u J: 9710 KBaApar ¢ sepumnamu (1,1), (1,2),(2,1),(2,2). Samerum,
aTo cos ¢ yobBaer Ha [0, 7|, mosTOMY OH MuHEMaJseH npn T = (2,1) 'y = (1,2) un
pPaBeH B 3TOM CJIydae 4/ 5.

Tperne pertenne (obpaienue nepasencrsa Koru-Bynsikoekoro-IIBapiia).

[lycts ay, asg, ..., an, by, by, ..., b, € [m, M], tne m > 0. Torna

2
S ) (arby + agby + ... + ayby,)?.

<a§+ag+...+ag)<b§+bg+...+bg><(

JokasaTenbctso. Samernm, 4o ecin a, b € [m, M], 1o a® 4+ b? < (& + 1) ab, rax kax

f(t)y=t +% BBIMTYKJIa Ha, OTPE3Ke {m/ M / m} , & BEJINUMHA, a/ }p M3MEHSeTCs KaK pa3
B TAKWUX Ipejesax.
[Tonyaaem, uTo

2\/(a%+a§+...+a%)(b%+b§+...+b$L) <(af+az+...+a2)+(bi+b3+...+b2) <

mM

OcraJjioch BO3BECTH HEPABEHCTBO B KBaJpaT M MOJACTaBUTL N =2 um = 1, M = 2.

(a1b1 + Clgbg + ...+ anbn)

6. Janbr 2015 paBHbiX oTpe3KoB. B j11000ii MOMeHT JIF0D0 13 UMEIONIUXCs OTPE3KOB
MOYKHO pa3pe3aTrh Ha JIBa paBHBIX. [Ipw KakoM HanOOJIbIIIEM 1 MOYKHO TapaHTUPOBATH,
YTO B KaXKJIblii MOMEHT HallJIeTCs N PABHBIX OTPE3KOB?

6 SOLUTION. Omseem: npu n = 1008.

Ouenka. Eciu B HekoTopbliit MoMenT He Halioch 1008 paBHBIX OTPE3KOB, TO CyMMap-
Has JITMHA BCeX OTpe3KoB He Oosibire 10071 (1 + 1/2 + 1/4 + 1/8 + .. .), YTO MEHbIIIE
ucxo iHoit cymmaphuoit jajimnbl 20157, ITosromy 1008 paBHbIX OTPE3KOB BCET 1A HAMLY TCS.

IIpumep. Ornoxum 1008 oTpe3koB, a ocrajbHble pa3pexkeM Ha 2014 mosoBuHOK. [1o-
ToMm oTaoKuM 1008 mooBrHOK, a ocTajbHble pa3pexem Ha 2012 verBepTunok. [locre
s1oro orjiokuM 1008 dyeTBepTHHOK, a ocTaJibHble paspexem u T.j. KoJjinuecTrBo HeOT-
JIO’KEHHBIX OTPE3KOB YMEHBINAETCs, TIO9TOMY KOTJIa-TO W UX cTaHeT He Oosibie 1008.
SuauuT, 1009 paBHBIX OTPE3KOB MOXKET M HE HaNTHCH.

YcaoBus u pernienus 3aja4u B crapiieii jgure (10-11 kiacc)

1. Ussectno, uro tg x + ctg x = 3. Haiimre tet o + cte? z.



1 SOLUTION. Omeem: 47. Ilycts t = tgx, Torga no ycaosuio t + 1/15 = 3.
BosBeseM 3T0 paBeHCTBO B KBaJIparT: t2+2+1/ 12 =9, orkyna t2—|—1/ 12 = 7. Ilonyuennoe
PaBEHCTBO CHOBA BO3BeJeM B KBaJjpar: t4 4 2 + 1/ # =49, orkyna t* + 1/ th=4T7.

2. /IBoe mo odepesi pacCTaBSIOT MONAPHO pas3juvHbIE YNCJa B KJIETKH KBaJpaTa,
6 % 6. [To okoHUaHNIO PACCTAHOBKM B KaXK 0¥ CTPOKE 3aKPAITUBAIOT HAUOOJIbIIIee YUCIO.
[TepBblit BbIMI'PBHIBAET, €CJU MOYXKHO IHPONTH 110 3aKPallleHHbIM KJIeTKaM OT BEpXHei
CTPOKM K HIXKHEN (MepexoiuTh M0 KJIeTKAM MOXKHO, CJIU OHU UMEIOT OOy TOUKY ).
MoxkeT Jin BTOpOii IoMelaTh IepBOMY BbIUIPATD !

2 SOLUTION. Omeem: BTOPO# MOXKET TOMEIIATh.

Bropoit urpok paszodber KJIETOYKN B KayKJIO# CTPOKE Ha [apbl U OyJIeT JleJiaTh XO/bl
B Te Ke Mapbl, YTO U 1epBblil. [Ipu 9TOM BTOpOit MOXKET BHIOPATh, B KAKOI U3 KJIETOUYEK
napbl ducao oyaer 6osbuie. TakuMm oOpas3soM, BTOPOl UI'POK MOXKET JOOUTHCS, ITOOLI
HauOOJIbIIINE YKCJIA B IIEPBBIX TPEX CTPOKAX CTOSJIM B IIOMEUYEHHBIX KJIETKAX PUCYHKA.
Ha ném BuIHO, UYTO M3 NEpBOil CTPOKU B TPETHIO HE MPOUTH NPU TAKOW CTPATETHU

BTOPOT'O UT'POKA.

3. Uropb HaIIén cymMMy BCEX HEUETHBIX HATYPAJbHBIX JIEJIUTEeil HEKOTOPOIo 4éT-
HOI'0 HATypaJ/bHOIO 4mcja, a BoBa — Bcex dérnbix. MoxeT Jjin 11pouU3BEJIeHUE UX Pe-
3yJIbTATOB OBITH KBaJPATOM II€JIOro uncJia’?

3 SOLUTION. Omsem: ne MOXerT.

[Iycrs n-2F — ucxomuoe wérHOE UnCo, a S — CyMMa jesuresiell HedéTHOrO YUCIIa M.
Torna Vrope nosyunt uuncio S, a Bopa — 25+45+. . . 4+2%S. [Iponsseenue 5STux ducen
paBHO 25%t, Tie t HeuéTHO. DTO NPOU3BEJCHHE HE ABJIACTCS KBaJIPATOM, IIOCKOJBKY
JIBOMKa, BXOJIUT B €ro pa3JIoKEeHUe B HEYETHOI CTelleHu.

3amedaHue. YETHOCTH UCXOAHOI'O YMUCJIA CYIIECTBEHHA.

4. B ocrpoyronbaom tpeyrosbauke ABC yron B pasen 60°. Jlokaxkute, 91O pac-
CTOSTHUE MEXK/1y IEHTPOM OIMCAHHONI OKPYXKHOCTH ¥ TOUYKO Iepecederusi BLICOT PaBHO
|AB — BC|.

4 SOLUTION. Ilycts O — 11eHTp ONMCAHHOI OKPYKHOCTU, H — TOuKa nepecede-
HUST BBICOT (OpTOIEeHTD), R — pajmyc ommcanHoit okpyxkuoctu Tpeyronbinka ABC.



ITepBoe pemienne. Ecim AB = BC, 1o yrBep-
JKJeHne OUeBUAHO. VHaue MOXKeM CYUTAThL, UTO
AB < BC'. Ornoxum ua BC orpesok BD = AB.
Torma ny»kno nokazarh, ato CD = OH. 3awme-
tum, uro ZAOC = 2/B = 120°; ZAHC =
120° u3 uernipexyroasnuka C'BA'H; LADC =
120°, mocKoJabKY Tpeyroabauk AB D paBHOCTOPOH-
auit. 3uaunt, roukn A, H, O, D, C' nexat Ha oHON

okpyxkuocr. Touku D u O jiexkar Ha cepeJuHHOM
neprenukyaspe Kk AB. [losromy DO u BbICcOTa
C'C’ napaJuieibHbl, CJIEI0BATEIbLHO, BLICEKAIOT Ha,
9TOM OKPyKHOCTU paBHbie xopabl C'D u OH.

Bropoe pemenne. Bocrnosnpsyemcst TeopeMoit l'amubrona (ocTaBiigeM B KauecTBe

yipasxkuenns): OH = OA + OB + OC.

YMHOXKHUM CKAJISIPHO BEKTOP Oﬁ\ Ha ceOst:

OH? = 0A2 + OB? + OC? + 2(04,0B) + 2(0B,0C) + 2(0C, OA)

3aMeTuM, 9TO yroJi MeXKJy BEeKTOpaMu O—1>4 n O? B JiBa, paza Oojbire yria C,
0bo3HAUMM ero 27, aHajorudno, yroa mex iy OB n OC B jBa pasa Oosibine yria A,
obozHaunMm ero 2. Yroa mexiy OC n OA pasen 120°.

Torjia nojiydaem, 4ro

OH? = 3R* + 2R? cos 2y + 2R? cos 2a + 2R? cos 120° =

= 2R% + 2R*(1 — 2sin® ) + 2R*(1 — 2sin® a) = 6R? — 4R*sin’ vy — 4R?sin® .
AB  BC CA

Bocrioib3yemcst TeopemMoit CUHYCOB: — = — = — = 2R.
siny sina  sin60°

Orciona OH? = 6R?> — AB?> — BC? = 2C A%? — AB?> — BC>.
[Ipumenenne Teopemsl Kocuuycos CA? = AB? + BC? — AB - BC npuBomutr K
pasenctsy OH? = AB?>+ BC?*—2AB-BC = (AB— BC)?, orkyna OH = |AB— BC|,

9TO U TPebOBAJIOCH JIOKA3ATh.

3amedanue. Y TBepXK/IeHUE 3a/1aU1 BEPHO U JIJIsi HEOCTPOYTOJIbHOI'O TPEYT'OJIbHUKA.

5. IIpu packpacke pedbep mosjHOro rpada Ha 7 BeplImHaX ObLIO HMCIIOJb30BAaHO HE
Mernee n 1BeToB. Jlokaxkure, 4To B HEM HaiIETCS PA3HOIBETHBIA TPEYTrOJbLHUK.

5 SOLUTION.

IlepBoe peiierne (UHIYKIMEH M0 KOJUIECTBY BEPIIUH 7).

IIpu n =1 u n = 2 yTBep:KIeHNe BBLIIOJHEHO aBTOMATHIECKH.

Baza (n = 3) ouesujna.

[MTar (n — n +1).

BoiknHeM Kakyo-HUOY/b BepIInHY, moayuntcs rpad G Ha n BeplInHaX.

Ecaun B G mpucyTCcTBYIOT M I[BETOB, TO B HEM IO IPEJIIOJJOXKEHUIO UHAYKIIANA €CTh
DA3HOIBETHDBII TPEYTroJIibHUK.



Huade B G He boJsiee n — 1 niBeToB. 3Ha4UT, pebpa JIByX KAKUX-TO [IBETOB BBIXOUIN
UCKJTIOUYUTEILHO U3 BLIOPOIIEHHOW BEpIUHBI. PaccMOTpUM 3Ty BepIinHy U pedpa 9TuX
JIBYX IIBETOB, MX KOHIIbI COEJMHEHBI TPETHUM I[BETOM.

Bropoe pemerme. OctaBuB 1o OHOMY pedOPY KaxKJIOTO I[BETa, MOJYyIUM rpad,
B KOTOpPOM pebep He MeHbIe, YeM BEepIIMH. XOpOIIO HU3BECTHO, YTO B TaKOoM Ipade
ecTh NUKJI. SHAYNT, B NCXOHOM rpade ecTh pa3HOIBETHBIH K. BosbMeMm j1r00yo ero
xop/ly. B 0jiHO#t U3 dacTeil 1uKJia, BbICEKAEMbIX XOP/I0i, HeT pedep 1BeTa 91O XOp/ibl.
DTa JacThb BMECTE C XOPJIOil 00pa3yoT pa3HOIBETHBIN UK/ MeHbIIe JinHbL. JleiicTBys
TaK ¥ Jlajee, MoJydIuM Pa3HOIBETHBIN TPEYTOJbHUK.

6. Jlaunt 29 jpobeii. Kaxjoe uz aucen 2, 3, ..., 30 sapjsercd ducjauresieM POBHO
OJIHOI 13 3TUX JApoOeil 1 3HaMeHATeIeM POBHO OJHON U3 3TuX Jpobeii. JokaxkuTe, 9TO
MOKHO BBIOpaTh HECKOJIbKO — He MeHee ojiHoil u He 6ojiee 10 — u3 3Tux Jipobeii Tak,
YTO WX MPOU3BEJEHNE OYJIET TEJTbIM THCJIOM.

6 SOLUTION. BribepeMm mepByio apoOb ¢ NPOCTHIM 3HAMEHATEJIeM, & KarKIyio
CJICJIYIOIIYI0 — CO 3HAMEHaTeJieM, PaBHBIM JIIOOOMY IIPOCTOMY JEJIUTENI0 UUCIATEIS
Tekyteit gpobu. Haiimercs mar, Ha KOTOPOM 9HCJINTEh O9epeiHoi n-it 1pobu Oymer
JICJIUTHCSL HA y2Ke BCTpedaBIniics 3nHamenaresb k-it gpodu (n moxker paBusitbes k). To-
718 IIPOU3BeJIeHNe BLIOPAHHBIX JIpobeit ¢ k-it 1o n-1o OyaeT 1eabiM. [IocKoIbKy TPOCThIX
qyuces, He npeBocxojdnux 30, Bcero 10, Mbl nepemuoxkuin He 6ojiee 10 jgpobeii.
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