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Queueing in a Bank
Summary

Queueing system is a common model in our life. This time, our goal is to build a
mathematical model of a 150-people queueing system which meets the manager’s requirement
of an average queue length less than 2 people and an average waiting time less than 2 minutes
to improve customer satisfactory.

To analyze this queueing system, we put forward two models which can verify each other,
they are: the mathematical model and the simulation model. In the mathematical model we use
the knowledge of probability theory, hoping to figure out a recursion formula about the
probability of the state of queue at a certain time. In order to reach this goal, we perfectly
described the state of queue at a certain time by defining several variables. Using this model,
we can figure out the two important parameters, which are the average length of queue and the
average waiting time.

Then we put forward a simulation model. In the given situation, we put forward an
algorithm which can simulate and measure the whole process of how the 150 customers come
and leave. Using Monte Carlo method, we simulated the process for many times and then got
the average length of queue as well as the average waiting time.

After comparison, the average queue length and waiting time got from the two models
coincided with each other perfectly, the average waiting time is about 4.9 minutes while the
average queue length is about 2.4 people. Since the simulation model calculated faster, we
decided to take it as the only used analyzing model in the following discussions.

Results above showed that the current situation couldn’t meet the manager’s requirement,
so we put forward several solutions from different perspectives to meet the manager’s
requirement and improve customers’ satisfaction, such as improving the service efficiency
through training to change the probability distribution of service time; establishing online bank
to lower the everyday customer flow to increase time between arrivals; we can also establish a
new service window. For each solution, we discussed the minimal change to meet our goal.

At last, we gathered all our model results, and take several reasonable ones of them as the
suggestion to the manager, in which way he can choose one according to the actual condition of
his bank.
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Queueing in a Bank
Introduction

The queue management system of a bank is vital to whether customers are satisfied with the
bank service or not. Given the statistics of service time and time between arrivals, we used a
variety of measurement techniques which predicted and measured queue lengths and waiting
times and provided management information to help service levels and resource deployment.
Then we determined whether the current one was satisfactory to the manager guidelines, which
expected an average queue length under 2 persons and an average waiting time under 2 minutes.

To accomplish the manager's goal, we put forward several technical and non-technical
solutions which required the minimal changes for servers and wrote a letter to the manager of
our best solutions.

General Assumptions

e The probabilities in the two given tables are discrete ones.

We analyzed the two tables and considered minute as our minimal time unit. In this
situation, continuous probability makes no sense in our model.

e Arrival time distribution of the customers is balanced, which means there doesn’t exist
such peak hours.

The common working hour of banks i Jin China is around 8 hours a day, as is the result
of our investigating the four major banks® in China. What s more, since in most cases,
people have to ask for leave from their work to come to the bank, it s meaningless to
consider such peak hours.

e The current service policy is FCFS?.

FCFS is the mostly used service policy which is reasonable while making our model
simplified.

e There is only one service window.

The number of windows is not mentioned in the problem. Since more windows will
make the model complex, we started from only one window.

The four major banks in China are the Industrial and Commercial Bank of China (ICBC), the Agricultural Bank of China (ABC),
the Bank of China (BOC) and the China Construction Bank (CCB). In most cases, their working hours starts from 8 a.m. to 5p.m.
2 First-Come, First-Served: a service policy whereby the requests of customers or clients are attended to in the order that they
arrived, without other biases or preferences.
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Queueing in a Bank
The Models
Basic Model A: A Mathematical Model

Introduction

We used five variables to describe a state, and found out the recursion formula of the states.
In this way, we gave out a rigorous mathematical model to find out answers.

Assumption
e There is only one service window.

Model Description

¢ The Queue
m  Terminology

Terminology Description

Queue In computer science, a queue is a particular kind of abstract data
type or collection in which the entities in the collection are kept in
order and the principal (or only) operations on the collection are the
addition of entities to the rear terminal position, known as enqueue,
and removal of entities from the front terminal position, known as
dequeue. This makes the queue a First-In-First-Out (FIFO) data

structure®.
Head The first element in current queue, which is the Premier-came
of all the elements in current queue.
Tail The last element in current queue, which is the newest-came of
all the elements in current queue.
Table 1
m \ariables
Variable Description
head The number of the head element in current queue
tail The number of the tail element in current queue
Table 2
[ | Graphlc expression of a queue
Tail Head
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Figure 1

® In a FIFO data structure, the first element added to the queue will be the first one to be removed. This is equivalent to the
requirement that once a new element is added, all elements that were added before have to be removed before the new element can
be removed. Often a peek or front operation is also entered, returning the value of the front element without dequeuing it.
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¢ Variables
Variable Description

T The current time, in the unit of minute

n The number of customers in the waiting queue,
including the one being served at present, which is the
head of the waiting queue.

t1 The last arrived customer arrived t1 minutes ago

t2 The present customer being served, which is the head
of the queue, needs another t2 minutes to be served and
then leaves.

N The number of the total served and already-came
customers, which is also the number of the tail customer
in the queue

Pliicon The probability of having n customers in the waiting

queue, the last arrived customer arrived t1 minutes ago,
the present customer being served needs another t2
minutes to leave while the number of the total served and
already-came customersis N attime T.(0 <n <150

0<N<150 ,1<t1<5,1<t2<4)

¢ Constants

Table 3

Constant Description
a;, The probability of some people will come when the
last-came customer came t1 minutes ago.
CA, Time between arrival is t minutes.
CS; _The service time of the head customer in the queue is t
minutes.
Table 4
m  Arrival times
Time between arrival(min.) 0 1 2 3 4 5
Constant CAy, | CA; | CA, CA; CA, | CAs
Probability/Value 0.10 | 0.15 | 0.10 | 035 | 0.25 | 0.05
Table 5
m Service Time
Service time(min.) 1 2 3 4
Constant CS, CS, CS; CS,
Probability/Value 0.25 0.20 0.40 0.15

Table 6
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& The calculation of a;

m  Conditional Probability
*  Terminology

Terminology Description
P, The probability of event A occurs.
Pins The probability of event A and B occur at the same time
The conditional probability of A given B, which is the
Py probability that event A will occur when event B is known to
occur or to have occurred.
+= a+=b means a:=a+b
Table 7

* Axiom of probability

Pynp= Pyp- Pp

Although mathematically equivalent, this may be preferred philosophically. Since it
iIs common knowledge in probability theory, we did not prove it in mathematics here.

* The calculation of ag

We defined event A as: Attime T some people came. And then defined event B
as: t1 minutes’ no-one-came situation exists. In this case,

According to the axiom above, we got the following equations.
Pynp= Pyp- Pp
Thatis, Py p = Thp teereseeseses (1)
According to our definition, it is obvious that

Pyip= ay
,which is what we wanted to solve out through the following calculations.

Pg means the probability of having waited for t1 minutes for another customer to
come, cases that arrival time are longer than t1 are concerned, or another customer has
already came some time before. In those cases, the current t1 means the time between
current time T and the time when the second last customer in the waiting queue came,
which contradicts with the definition of t1.

Therefore, we get the following equation:

PB:ZS:CAi ............. (2)

i=t1
Py n g means the probability of we have already waited for £Z minutes and

new customers came at current time 7, that is to say, time between arrival is ¢1
minutes, obviously, we got the following equation:

PA NnNB — CAtl ------------- (3)
Then put (3),(2) into (1) and finally we solved a;q:

CAy

5
Yea,

i=t1

Ay =
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* The value of ay

i 1 2 3 4 5
1 2 7 5
4| 5 15 13 6 1
Table 8

¢ The recursion formula

The Recursion formula in most cases: n # 0

When given a state PJ ;4 1, v,(1 # 0) We would like to find out all the

Pﬂfftlp,tz,,N, states which can be transited from P,T,,tl,,z,,\,.

* t2 # 1: ASimple case

Since t2 #1 and 1 < t2 < 4, that is to say the service has not finished yet and

the customer being served the next minute will still be this customer. But we do not
know how many people will come the next minute. There are two cases:

4+ No one come the next minute

Then at time T+1, the number of customers in the waiting queue would still
be n, the number of customers already came and even left would remain to be N,
since time was put forward, the time that the last customer came would be t1+1
and the remaining service time required for the current customer would be
reduced to t2-1. Since the probability of someone came is a4, the probability of
no one came would be (1-a;1) P7, ;1 ;2 v, Which can be described as PLi1, 1 2-1n

So we have:

Pridi-ant= (@) Pl 1o n
+ Some people come the next minute

Since the probability of someone comes at time T is ath,Tul_tz,N , let us
first look into the case that only one person comes the next minute. According to
the data given, the probability of time between arrival =0 is 0.1, that is to say
more than one person comes, which is not what we wanted. To have only one
person come the next time, the time-between-arrival of the next customer should
be more than 1min. So we got the following equations:

Probability of only one person comes at T+1:
0.9-a4 - P?’l,tl,tZ,N

Which can be described as P1t1 15 n

Probability of more than one person comes at T+1:
0.1 a;- PZ;.,tLtZ,N

Let’s take a further consideration in the situation of more than one person
comes. If only two person comes, similarly like how we get the probability of
only one person comes, multiply the probability of more than one person comes
at T+1 by a 0.1 would lead us to the result. Now let’s go a step further, the
probability of i people come will be
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0.9 -a;- 0.1 PntltZN

Which can be described as PT*1 FiLt2—1N+i

But we should notice that N+i has a upper bound of 150. When N+i = 150, the state

transition from PJ 4 ., v Will be different: Since when N+i = 150, no one will come the

next minute, so the situation of N+i+1 will not exist. In this cases, 0.9 should not be

multiplied.
So we got the following equations:
When n # 0 and ¢2 # 1, state P,y Can transit to the following states:

T+
P t1+1t2 ivt=aA - atl)PntltZN

T+1 - T
Pl in+it=0.9-a, - 0.171 - Pl oy Niicis0
T+1 _ i-1_ pT
Priitez-1n+it=Qi1 - 0.1 - Ppyon N+i=150
*x t2=1:

In these cases, when T+1, the present head of the queue has left and the service
provided to a new customer starts. There are four cases: This customer needs a service of
1,2,3,4 minutes. Similarly to how we analyzed such t2+#1 and n # 0 cases, following
states can be transited to:

((Phiiiierant=0.25-(1—ay)Py 11y

P inan+it=0.25-0.9 a; -0.17 - P] 11y niiciso

P vitan+it=0.25-a, -0.171-PL oy N+i=150

Pt 2N t=0.2- (1 —ay)Ph g1y

P inaneit=0.2:0.9 a,-0.17 - PL i v niicso
< Pt itan+it=0.2 @y - 0.171-P) oy N+i=150

Pitlv1ant=0.4- (1 —ay)Ph 1 n

Pr inaneit=0.4:0.9 a,-0.17 P 10 n nyicaso

PItiianeit=0.4-a;-0.171 - Py N+i=150

P ietsrant=0.15- (1 = ay)Py i1 n

P iian+it=0.15-0.9 @, - 0.1 PL oy v naictso

Pr i lvinanait=0.15 @, - 0.1 Phoy iy yiim1s0

m  The Recursion formula in most cases: n = 0 cases

T+1 _ T
( Porrsriant= 1 —ap)Posi1n

P iiN+it=0.25:0.9 ay - 0.171 Py 1y nyicaso
§ PliaN+it=10.2:0.9 a4 -0.1"1-P{ 1y nyiciso
P 1in+it=0.4:0.9 ay-0.171 P 1y nyicaso
\P{1in+it=0.15-0.9 a, 0.1 P 1 v nriciso

m  The Initial Value
Pyi10=1
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¢ Data Process

With the recursion formulas, we could figure out all the states PJ, ;4 ,, y. With these
data, we can figure out the followmg data:

T hax=754

Z]Tmax ZlSO[P] e NX(l 1]
150

The average waiting time:

The average total covered length of time:T gperage = Z e P’ 0,0,1,150 X j

Tmax v150
Z] 2= (P]ltltZNXl)

The average length of waiting queue:
Taverage

Result

We used computer to calculate and got the following data:

L 4
L 4

The average length of waiting queue: 2.2936 persons.
The average waiting time: 4.74 minutes

The current model doesn’t satisfy the requirement of the manager in that the average waiting
time is far more than 2 minutes.
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Basic Model B: A Simulation Model

Introduction

Monte Carlo Method* refers to those methods that repeat simulations to generate the
average value, in this way to solve the problem, which is a good way to solve our problem. In
model B, we built up our simulation model and got the data we need.

Algorithm Description

¢ Terminology

Terminology Description

Queue In computer science, a queue is a particular kind of abstract data
type or collection in which the entities in the collection are kept in
order and the principal (or only) operations on the collection are the
addition of entities to the rear terminal position, known as enqueue,
and removal of entities from the front terminal position, known as
dequeue. This makes the queue a First-In-First-Out (FIFO) data
structure”.

Head The first element in current queue, which is the Premier-came
of all the elements in current queue.

Tail The last element in current queue, which is the newest-came of
all the elements in current queue.

Table 9
¢ Graphic expression of a queue

Tail Head
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E
nqueue . I

1
Current queue

Figure 2

* Monte Carlo methods (or Monte Carlo experiments) are a broad class of computational algorithms that rely on repeated
random sampling to obtain numerical results; i.e., by running simulations many times over in order to calculate those same
probabilities heuristically just like actually playing and recording your results in a real casino situation: hence the name. They are
often used in physical and mathematical problems and are most suited to be applied when it is impossible to obtain a closed-form
expression or infeasible to apply a deterministic algorithm. Monte Carlo methods are mainly used in three distinct problems:
optimization, numerical integration and generation of samples from a probability distribution. Monte Carlo methods are especially
useful for simulating systems with many coupled degrees of freedom, such as fluids, disordered materials, strongly coupled solids,
and cellular structures (see cellular Potts model). They are used to model phenomena with significant uncertainty in inputs, such as
the calculation of risk in business. They are widely used in mathematics, for example to evaluate multidimensional definite
integrals with complicated boundary conditions. When Monte Carlo simulations have been applied in space exploration and oil
exploration, their predictions of failures, cost overruns and schedule overruns are routinely better than human intuition or
alternative "soft" methods. —From Wikipedia

% In a FIFO data structure, the first element added to the queue will be the first one to be removed. This is equivalent to the
requirement that once a new element is added, all elements that were added before have to be removed before the new element can
be removed. Often a peek or front operation is also entered, returning the value of the front element without dequeuing it. From wikipedia
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¢ Variables
Variable Description
T The current time, in the unit of minute
i We use number i to express the ith customer, 1 <1i <150
head The number of the head element in current queue
tail The number of the tail element in current queue
arrive; The time when customer i arrived
leave; The time when customer i left
serve; The left required length of time to serve customer i
lr The length of the queue at T

Table 10

We put forward an algorithm, in this way we can stimulate the whole process and get
the expected data.

¢ Algorithm Description

1. Judge if the 150 people have all arrived and the queue is empty?
If Yes— Turnto 11
If No— Turnto2
2. T=T+1
3. Judge if a new customer has arrived at this moment?
If Yes— Turnto4
If No— Turnto5

4. Add the new customer tail + 1 to the end of the queue and record the arrival time of him,
which is arrive;. The required service time serve,q;;+1 is generated by the program according
to the given probability

5. Judge if the current queue is empty?
If Yes— Turnto9
If No— Turnto6

6. Reduce the left required service time of the head element in he queue by 1, thatis servepeqq =
servepeaq — 1

7. Judge if the service towards the head customer in the queue has ended? That is, is servepeqq =
?

If Yes— Turnto8
If No— Turnto9
8. The head customer leaves, that is dequeue head. Record the leaving time of head, that is
leavepeqq = T.
head = head + 1
9. Record current length of queue Iy = tail — head + 1
10. Turnto 1
11. End
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+ Data processing

The algorithm provides the arrival time and the leaving time of every customer. With
these data, we can figure out the following data:

The average length of the waiting queue =

T
Zt:]_ lt
T
ilfi)(leave,——arrivei)

The aver waiting time =
e average waiting time 150

Program

We used Matlab® to realize our algorithm. The program is shown below(Four matlab
documents are included: serve.m,cust.m, queue.m, queue_sum.m):

Serve.m
function x=serv();
a=randi([0,999].1,1};
if (a=250)
x=1;
elzeif (a<d430)
E=1;
elzeif (a<830)
x=3;
elze
=4
end;
cust.m:
function x=cust{m);
a=randi([0,999].1,1%;
if (a<100-100%m)
®=0;
elzeif (a<230-150%m)
x=1:
elzeif (a<330-100%m)
x=21;
elzesf (a<700-350%m)
E=3;
elzeif (a=<930-250%m)
x=4;
elzeif (a<1000-30%m)
x=3;
elze
x=0;
end;

queue.m:
function

[len,wait_free time]=queuneain)

m=0;
n=floor{n*(1-m));

head=1;
tail=0;
tl=cust{m);
maxt=3%n;

peo=zeros(1 n+2);
lenx=reros(1 maxt);
arrivex=zeros( 1 n+2);
waitk=zeros( 1 a+2);
leavex=reros(1,n+2);
freex=zeros( 1, maxt);
T=0;

while (tail==n)
T=T+1;
while
(tl==0"& & (tail==n)

tail=tail+1;
peo(tail)=zerv();
arrivex(tail)=T;
tl=cust{m);

end

t1=t1-1;

if (head==tail)
peo(head)=peo(head)-1;
{leavex{h;:d}=ﬂ}
leavex(head)=T;

end

peo{head)=peohead)-1;
if (leavex(head)==0)
leavexihead)=T;

end

if (pea(head)==0)
head=head—+1;

end

lenx(T)=tail-head+1;
if (lenx(T)==0)
freex(T)=1;
end
end

waitk=leavex-arrivex;

len=mean(lenx(1:T));
wait=mean(waitx(1:n));
free=mean(freex(1:T));
time=T"

plot(1:T lenx(1:T7)

quene_sum.m
clear
cle

hold off:
max i=10000;

len=zeros(1 max 1);

if (peothead)==0wait=zeros(1 max i);
head=head+free=zeros(l max i);

end
end

lenx(T)=tail-head+1;

if (lenx(T==0)
freex(T=1;

end

end

while (head<=tail)
T=T+1;

Figure 3-The Program

for i=1:max i

[len(i), wait(i). free(i),time(1)]
=queue{1307;

[,

® MATLAB (matrix laboratory) is a numerical computing environment and fourth-generation programming language.
Developed by MathWorks, MATLAB allows matrix manipulations, plotting of functions and data, implementation of algorithms,
creation of user interfaces, and interfacing with programs written in other languages, including C, C++, Java, and Fortran.



Page 12 of 24
Queueing in a Bank

Team #3956

Two examples of the statistics we simulate
¢ One which simulates small results

Ly/person
6 .

! | If

50 100 150 200 250 300 350 400

o

T/min
. Figure 4
The average length of waiting queue: 1.99 persons
The average waiting time:3.84 minutes.
¢ One which simulates large results
lT/pgrson
10+ :
8t _
B -5
4+ 4
2+ 4
0 ﬂmﬁ 1 L 1 L 1 Il H
0 50 100 150 200 250 300 350 400
T/min

Figure 5
The average length of waiting queue: 3.84 persons
The average waiting time: 8.52 minutes.
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By generating randomized data and following the algorithm we put forward, we repeat the
process for 10000 times and the result we got is shown below:

Result

& The average length of waiting queue: 2.3778 persons.
& The average waiting time: 4.91 minutes

The current model doesn’t satisfy the requirement of the manager in that the average waiting
time is far more than 2 minutes.
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Evaluation and Comparison Between Model A and Model B

As we can see, the results we got from this two models coincided with each other.

Our Model A is one based on a recursion formula model while Model B is one based on
computer simulation. The Model A is a very rigorous mathematical model which can provide
accurate answers, which is its advantage. But since this model is complex and has poor
portability, we almost have to change all recursions when trying to add some small changes,
which are its disadvantages and adds heavy work to us. What’s more, the time complexity of it is
very high; therefore we only applied it in analyzing the current situation.

Meanwhile, Model B is one based on computer simulation. It’s an easy-understanding one
of high portability, showing what it wants to do and how it does clearly, which is its advantages
and provides great convenience to us. However, it’s not a rigorous mathematical model and
needs huge amounts of simulation to improve its accuracy, which is its disadvantage.

Since Model B is much more portable, we decided to use Model B in the following part of
this paper.
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Minimal Changes

Introduction

We put forward 4 solutions to enhance the service efficiency.

Solutions

& Asuggestion: A non-technical solution but must be useful

Offering services like drinks, newspapers can be a very useful and satisfactory according
to several psychological researches on queuing psychology. In this way, the current situation of
an average waiting time for 4.9 minutes can be more satisfactory according to the customers.

¢ Solution A: More service windows

We used computer to simulate the situation of 2 service windows. The algorithm of it is
based on the one in Model B, the difference between them is that the condition of dequeuing is
changed.

® Program
Ierve.m end and
fimetion 'q end
a—mm:h{]:{l 90581113, tl=tl-1; head=hazd+];
Lf(a«ﬂ)[lj if (tail-hazd+15=2) end
w=1; if (head==tail-1} elzeif (head<=tail)
elzeaf (2=450) lenx(T)=tail-haad+1-1;
x=2; peo(head)=peohead)-1; elzeif peo(head)=pen(head)-1:
elzeaf (2=350) ﬁaﬂ_hmd_l:.{% if’
x=3; peothead+])=pacthaad+1)- lenx(T)=1; (leaves(head)==0)
elze 1; elze
=i if lanx(T)=0; leavexthazd=T;
end; (leavaxthazd==0) end <D enf
. esvexbead)=T if (lenee{ T)=0) if (peothaad ==}
cust.m: av =T; fraeT)=1;
fimction x=cust{m); end end head=hazad+];
a=randi{]0,995].1.17; if end end
if (a=<100-100%m eavaxthazd+] == end
¢ == ) a =0 while (head==tail)
elzeaf (z=250-150%m) leavesihead+1=T; T=T+1; if {tail-haad+1==2)
x=l; end if (head==tal-1}
elsgif (z=350-100%m) if lenei Th=tail-haad+1-1;
elseif El:?} 50%m e ) *  peolead R i b1
a{J k] - -] +1l=
¢ ) = peolhead+] =peo(head+1}- ¢ ]Eﬂx('lJ)=l;
E]smf{a{gjl:l-mﬂ*mj head—head—!. 1; alze
if lenx(T)=0;
elzeif (z= 1mu’-:naw @WWJWE {leaves(head)==0) and
x=3; ad+1}=0) if (lemeaT==0}
elze leavexthead)=T; freax(Ti=1;
x=f; Imad—head—l' ew:l}=
end; if end
a0 &S pactha eavex/head+]
double_guene.m l:P %":Oj d ® =0 walte=leavax-amrivet;
Yafimchon Yezvap leavex(head+1)=T;
[J.Eu,wut ﬁ\ee fimel=doubla and
_ temp=peo(head);pecthead) if len=maan(lenx=(1-T}});
n=130; =pecthead 1) pecthaad 1)  (peothead)==0)&&(peolhe walt=mean{waitl m));
m=l}; =tamy; ad+1==0) free=mean(free(1-T));
n=floor(n®{1-m}); time=T;
temp=leavexhead); leave] h.ead=h.ead+2, plot(1:T, lerca1-T).-");
head=]; head)=leavexthaad 1) leav
tail=]; ex(head+]i=temp; {peei:hﬂad::ﬂ}ﬁ:&(pen(he double_gueune zum.m
tl=cust{m); ad+1 =) claar
maet=3%n; temp=arrives(head); arrrve cle
pw&(l.ﬁi}: (head)=armiv exCh.ea?i—lj carm head=head+];
lene=zeros(] maxt); vax{hazd+])=tanp; alzerf hold off;
arrrves=zerosi 1 n+l zd eofhe  max i=10000;
“mtr.—zzrosuf’l{nﬁﬁj g %;ﬁ}&ﬁ:@ . len—z;ems(l,max i;
leavex=zaros(l n+l); head=head=1; “oswap wart=zeros{] max 1
frees=zaros( ] mad); end free=zeros(],max_1)
T=0; elzaif (head==tzil) temp=pac(head);peolhead)  fori=lmax 1
=peoihead+1);peolhead+1)
pecihead=peothead}-1; =tamp; walt(: time(1
ehile (tailemn) )l=£t1 (head}-1; P Elev(}fjleﬂ}ﬁ'eef.%j e(1)
T—T+1 (leavaxthazd==0) temp=leavaxthaad); leavax]
head)=lazven(heact1);leaan P_fnd
(tl-[l}&&(ta:lﬁj leaven(head)=T; d+1)E=:|;E]1:Inp: %
tanl=tal+1; end mean(lan)
eo(tail=sery if (peothead)==0) temp=armv mean| it
me(& tal=T; ® ) {hﬂagikmxmc(headﬂj -arri meaJ:uEﬁeej}
tl=cust{m}; head=head=1; vex(head+] =temp; mean(time)



Page 16 of 24 Team #3956
Queueing in a Bank

e Result
With two service windows workinguat the same time, we got the following data:
The average length of the waiting queue: 0.5083 people.

The average waiting time: 0.1136 minutes.
The average covered length of time: 402.618 minutes.

As is shown above, one more service window can perfectly meet the manger’s
requirement. Meanwhile, we should consider the cost of adding a service window,
including the salary of the extra clerk, device expenses, etc. If the manager can afford
these changes, it would be an excellent solution.

e Several Simulated Examples

Q Length Q Length

35

3+

0 B0 100 150 200 250 300 350 400 450

T

Figure 10

Figure 9

e About the Result

The expected arrival time is 2.65 minutes while the expected service time is 2.45
minutes according to the original given data. Since they were very close to each other,
it’s very easy for the bank to fall into the situation of “Accumulating customers”. In this
way, the waiting time increased greatly.

~ However, when two service windows are available, such “Accumulating customers”
situations reduces sharply, that is why the result of two-service-window differs from
only-one-service-window greatly.
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¢ Solution B: Offering online service

Offering online services can finish some work beforehand such as filling up forms, in this
way the amount of everyday customers is reduced so the time between arrivals is increased
overall.

e The Original Data

Time between arrival(min.) 0 1 2 3 4 5
Probability/Value 0.10 | 0.15 | 0.10 | 035 | 0.25 | 0.05
Table 13

With the establishment of online bank, we assume that the customer flow is reduced to (1-
m) of the original one, since the customer flow should be distributed to those arrivals between
0,1,2,3,4,5 minutes according to their original proportion, we assume that this reduced
probability would be add to next minute’s probability, that is:

e The New Data

aT;ﬂSa?fr‘}]"Ing” Probability
0 0.1(1—m)
1 0.15(1—m) +0.1m
2 0.1(1-m) +0.15m
3 0.35(1—-m)+0.1m
4 0.25(1 —m) + 0.35m
5 0.05(1 —m) + 0.25m
6 0.05m

Table 14
e The Result

We enumerated the smallest m which meets the manager’s requirement of an average
queue length under 2 persons and an average waiting time under 2 minutes. The result is shown
below:

m=0.34

The average length of waiting queue: 1.1167 people.
The average waiting time: 1.9015 minutes
The average covered total length of time: 300.8 minutes.



Page 18 of 24 Team #3956

Queueing in a Bank
¢ Solution C: Improving the Service Efficiency by investing money

In this solution, we intend to change the service efficiency by investing money, that is to
say, change the service time probability when M thousand dollars are invested.

e The Original Data

m  Service Time

Service time(min.) 1 2 3 4
Probability/Value 0.25 0.20 0.40 0.15
Table 15

e Qualitative Analysis
m  When M is small

When M is small, with the growth of invested money, the probability of
4-minute-service reduces while those 1(2,3)-minute-service increases. What’s more,
the 3-minute enjoys a faster growth than that of 1 or 2.

m  When M is large
When M is large, with the growth of invested money, even the probability of
3-minute-service also reduces while those 1(2)-minute-service increases. What’s
more, the 3-minute-service enjoys a faster reduction than that of 4-minute-service;
The 1-minute-service enjoys a faster growth than that of 2-minute-service.

e Quantitative Analysis

Now we’d like to express this process quantitatively. We assume that M ranges from 0 to
10. We put forward the following equations:

P_{O.25+O.002M, o<M<1
1700.231 + 0.021M, 1<M<10
P={ 0.2 +0.003 M, o<M<1
2710.189 + 0.014M, 1<M<10
P:{O.4+0.01M, o<M<1
37 10.43 - 0.02M, 1<M<10
P, = 0.15—0.015M 0<M<10

The graph of P
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e Result

We use computer to simulate and found that when M=5, it meets the manager’s
requirement of an average queue length under 2 persons and an average waiting time under
2 minutes. The result is shown below:

m Service Time

Service time(min.) 1 2 3 4
Probability/Value 0.336 0.259 0.33 0.075
Table 16

The average length of waiting queue: 1.1552 people.
The average waiting time: 1.9174 minutes
The average covered total length of time: 404.1235 minutes.

e Tips

This result is not very accurate. When the probability of service is around what is
given above, it would be enough to meet the manager’s requirement.
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Sensitivity Analysis

——Sensitivity Analysis of the number of customers

¢ About the length of queue

Amount of customers(person) 50 100 150 200 250 300
Average length of queue(person) 1.78 |216 |237 |251 |259 |265
Table 11
- SA (Qlength-number)
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¢ About the waiting time
Amount of customers(person) 50 100 150 200 250 300
Average waiting time(min) 345 438 |491 |525 |546 |559
Table 12
: SA (Qlength-number)
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¢ Conclusion

We can infer from the two graphs that when n is small, the impact on the average length
of queue and the average waiting time is obvious. When n approaches infinite, the impact
gradually decreases. Since the number we considered 150 is a small number, it do has
some impact on the result.
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Strengths and Weakness

¢ Strengths

e Model A: High Mathematical Rigor

In Model A, we gave the complete process of how we infer the recursion formulas
and provided a very detailed classification of all the states. Model A enjoys a high
mathematical rigor, which is important in mathematical modeling.

e Model B: Strong Portability and Clearness

In Model B, we gave a detailed description of our algorithm used to stimulate the
process. Since Model B is a Monte Carlo Method, generating randomized data and
figuring out our objective data for huge amounts of time can improve the accuracy of
it greatly. Model B is a highly portable one which played an extremely important role
in part Minimal Changes in our paper. Its easy- understanding and easy-maintaining
brought great convenience to us.

e Model A and B:Consistence

The result we got from the mathematical model and the simulation model
coincided with each other, this provided solid evidence that our models are correct.

e Model A and B: Universality

~ Since our models are universal ones based on general data, any given probability
distribution of arrival time and service time can figure out a reasonable answer by
using our models.

e Solutions: Diversity

In part Minimal Changes in our paper, we put forward several technical and
non-technical solutions which look into the problem from different angles. All of them
improved the current situation to some extent. We gave detailed analyses on all of
them, in this way, our solutions are clear and rigorous.

& Weakness

e Model A: Low Portability and High Time Complexity

Since Model A exhausted all the possible states, the high time complexity of it
and the complicated situations kept us from applying it to variable situations. Thus,
such a rigorous model is wasted, which is a pity.

e Number of Service Windows

In fact, at the very start, we considered the amounts of window as a very
important factor. However, since making number of service windows variable would
make it almost impossible for us to build the model, we only considered the situation
of one window in building the calculating model, which is our weakness.

e Discrete Probability

Since the probability given in the problem was discrete, our model is based on
discrete probability, which is not very suitable for those continuous probability
queueing problems.
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The Letter

Dear bank management

Hello. We’re a group of students who loves mathematical models. We knew about the
arrival and service times of your bank as well as your requirement that the average waiting
time should be less than 2 minutes and the average length of queue should be less than 2
persons. As a result, we build a model about your bank. Unfortunately, we find that the
average waiting time is about 4.9 minutes and the average length of queue if about 2.4 people.

In order to meet your requirement, we provide four solutions.

1. Since your ultimate model is to improve customer satisfaction, you may provide the
customers with different ways to entertain so that they may feel not so depressed to wait for
4.9 minutes.

2. If your bank is big enough, you may establish a new service window. One extra
window is enough, thus reducing the average waiting time and the average length of queue
dramatically, to about 0.11 minutes and 0.51 people.

3. You may also establish online bank service if possible so that some customers will
choose the online service, thus lowering the everyday customer flow and also increase time
between arrivals. Judging from our models, you have to make about 35% of your customers
choose online service. That is about 51 customers.

4. The bank clerk may be trained to improve the service efficiency. It can meet with your
requirement if you’re able to finish 50% of the service which used to take up 4 minutes within
3 minutes, 36% of the service which used to take up 3 minutes within 2 minutes and 15% of
the 2-minute service within 1 minute. Of course, other similar changes will also make sense.

Of course, not all solutions are fit for your bank. You can choose one solution, or you
may use the solutions together according to your bank’s situation. It’s best only when it fits
you.

Yours sincerely,
A group of HIMCM lovers.



