Anrebpa 1 Teopusd YnceJ

Muianmag Jjura

1. Ha nocke 3ammcann! uncia ot 1 10 2011. /IBoe urpaiommx 1o o4epein CTUPAIOT 110 OJIHOMY
qHCTy, TOKa HE OCTAHYTCd JBa YHCIa p U ¢. Ecam HE ofHO W3 ypaBHeHHH x2 + pr + ¢ = 0
1 22 + gr + p = 0 He UMeeT IeILIX KOpHeil, TO XOAUBIINIT IepBLIM BLINTPLIBacT. MoxkeT Jm
BTOPOIl eMy IoMeIaTh’

Pewenue. 3amernm, 4To ecjii p 1 ¢ OyIyT 00a HeUYeTHLIMHU, TO 00a ypaBHEHU He OyIyT UMeThb
perienns, Tak Kak r2+pr+q = x+pr+q = x(p+1)+q = g = 1 (cpasHenus 1o Moyo 2).
AHaJIOrT9IHO /17151 ypaBHEHM 2+ gr + p = 0. BameTnM, UTO MEPBBI UI'POK K TOMY MOMEHTY,
KOTJla OcTaHeTcs 2 dncia, cjenaeT posHo 1010 xo10B, 1, 3HAUUT, CMOXKET BHIKUHYTH BCE YeTHbIE

qncsa. TeM caMbIM, KaK MBI ITPOJIEMOHCTPUPOBAJIN, OH BLINTPAET.

2. Kakoe HanmMenblee KOJMYECTBO HATYPAIBHBIX JCJIUTENCH MOXKET UMeTh uncyo p? + 2011
IIPpU IIPOCTOM P?

Omeem: 6. Pewenue. 3aMeTnM, Bo-TIepBbIX, uTo uncio 22 + 2011 = 2015 = 5 - 13 - 31 umeer
8 HATypaJbHBIX JejuTeseil, 9ro Gosbiie 6. [Iycts p Hederno. Torma p? + 2011 obszaTebHO
neanTes Ha 4, HO He JesmTcs Ha 8. 3Haunut p? +2011 = 4m = 22m, rae m — HedeTHO. SHAUUT
YUCJI0 JiesinTesieil He MeHbie 6, nmpuyeM poBHO 6 OHO OYJET, ecim m — IIPocToe. ITO OyjeT
Tak, HaIpuMep, Ipu p = 5; Tormaa 5% 4+ 2011 = 2036 = 4 - 509.

3. IlosioxkuTebHbIE YUCIa @, b, ¢ TAKOBBI, YTO NIPOU3BEJIEHIE JIIOObIX JBYX M3 HUX OOJibIe 1.
JlokaxkuTe HEPABEHCTBO:

a+b+1 N b+c+1 N at+c+1 - 2 N 2 N 2
a?+b2+1 2+c2+1 a?+c2+1 a+1 b+1 c+1

Pewenue. 3amernm, uto a’> + 0> +1>ab+a-14+b-1 = ab+ a + b. SHaunT nMeeM:
a+b+1 - a+b+1
a2+02+1 “ab+a+b

SaMeTI/IM, aToy HOCJIG,ZLHeﬁ ILpO6I/I 3HAMEHATEb O0JIbIIEe YNCIUTEs 110 YCJIOBUIO, 1 9TO 3HAYUT,

9TO JI00ABUB K UUC/AUTEI0 U 3HAMEHATE/I0 OJHO M TOXKE UUCJIO Mbl CTPOrO YBEJIUUUM Ty
Npobb. JlobaBum enuHUILY, Oy/IeM UMETh:
a+b+1 _ a+b+2  (a+1)+(b+1) 1 N 1
ab+a+b ab+a+b+1 (a+1)(b+1) b+1 a+1
TO €CTh OKOHYATEIbHO MbI IOJIYUMJINA OIEHKY:
a+b+1 1 1
a’?+b>+1 = b+1+a+1'

Cxia/1piBasg Takue HepaBeHCTBa, Mbl IIOJIYIIM TpedyeMoe.

4. Jlokaxkure, 9TO JIJIs KaXKJI0TO HATYPAJIBLHOIO M HallJIETCd HAaTypabHOoe k TaKoe, YTO YNCJIO

3kl — 9k _ L nemmrest ma m.



Pewenue. OnpeiesinmM MocjIe/I0BATEIbHOCTD X;, CJACTYIONNM 00Pa30M:
To=2 Tpi1 = an—H — 2%,

JlocTaToaHo JI0KA3aTh, 9TO JIst KAXKJI0r0 d CpaBHEHUE Tpy1 = o, (mod d) BBIIOJIHEHO st
BCEX JIOCTATOYHO OOJIBIINX M. TOI'JIa MOXKHO B34Tb k = x,, Jisd d = m. [JokaxkeM MHIyKIHeil
o d. Ins d = 1 ouesujno. Ilo npeanonoxkennto MHAYKIMA T, = ,,—1 (mod (d)) aist Becex
J0CTATOYHO 60JIbIuX n. Torna jyis JOCTATOYHO OOJIBIINX T, BblHOIHeHO 3Tl = 3Fon-1tl

(mod d) u 2%» = 2%t (mod d), OTKya ce/lyeT mepexojl WHIYKITIH.

Crapinas jmra

5. an muorouien p(x) ¢ neasiMu kKodddunuentamu takoit, uto p(2011) =1, p(1) = 2011 u
p(m) = m aist HeKoTOpoTo TIe0r0 m. Haiiaure Bce BOSMOKHbBIE 3HAUEHUST 1.

Omeem: m = 1006. Pewenue. meem 1 —m = p(2011) — p(m) gemmres na 2011 — m,
anajgornano 2011 —m genutca na 1 —m. JIBa He paBHBIX NEAbIX YNUCJIa MOTYT JEJTUTHCA APYT
Ha JIpyra TOJIBKO €CJIM OHU ITPOTUBONOJIOXKHBI, TO ecThb 1 — m + 2011 —m = 0, m = 1006.

Taxoe BO3MOXKHO, HAIIpUMeED, JiJist MHOTOWIeHa p(z) = 2012 — .

6. Paduranom r(n) HATYPAJILHOTO YHC/IA 1 HA30BEM [IPOU3BE/IEHIE BCEX €10 Pa3JIMUHBIX MPO-
croix gennteseii. Hampumep, 7(2000) = 10, #(2011) = 2011. IToc/ie1oBaTeibHOCTD HATYPAJTIb-
HBIX YHCEJ 3a/1aCTCsI [MEPBBIM UJIEHOM (] U COOTHOINICHUEM dn41 = Gy + 7(a,) upu n > 1.
Hokazknure, 9T0 B Hell BCTPETUTCS MUJIJINOH IOAPA UAYIIIX WIEHOB, 00Pa3yIoIX apudne-
THIECKYIO IPOIPECCHIO.

Pewenue. Ilpeanonoxkum nporusaoe. OboznaunM muninon 0yksoit M. C oaHOil ¢TOPOHBI,
110 WHIYKINN OYEBUIHO IoaydaeM a, < 2" 'a;. C apyroil CTOpOHBI, B IOCJIEI0BATEILHOCTH
b, = r(ay,) KaXKIbIi CIEYIONN WIeH KPATeH MPEIbLIYINeMy, U JTHO0 OHa IPUHIMAET KaKoe-
To 3HaueHne M pas moapsiyi (4TO HAM U HYKHO), JTUOO by,yps > b, s Beex n. Bo Bropom

cydae IMoJiydaeM, 4To

bonar = bar - (bane/bar) - (bsar/ar) - - - - - (b2nar /D(2n—1)a1),

rJie Bce 2n COMHOXKUTEJICH B IIpaBoil YacTy MOIapHO B3aUMHO HPOCTHI 1 ¢Tporo boJibire 1. Ho

TOTJIa UX MTPOU3BE/IeHIE, 0UeBIIHO, Oobie, YeM (2n)! > n™. Orcioga

22"M 1 > agnnr = bopnr > 0",

uTo npu Gosbmux n (Hanpumep n = (4ap)M), ouesnmno, e Tax. IIporusopedne.

7. IlonoxkuresibHble Uncia a, b, ¢ TakoBbl, 4T0 ab + bc + ac = 1. JlokazKuTe HepaBeHCTBO

(a+b)2+1+(b+c)2+1 (a+c)*+1

> 3.
2+ 2 a? + 2 b2 + 2

3aMeTuM, 4TO
(a+0*+1 (a+0b)? 1

2 +2 4+ 2 +c2-|—2'




HpI/IMeHI/IM 9T0 K KazKJIOMY cCJlaracMOMY KW OLHCHMM OTACJIbHO CYMMY IIEPBbLIX CJ/laraceMbIX, OT-
A€JIbHO CYMMY BTOPBIX. Z[.HH OLEHKHM IIEPBLIX CJjlal'a€MbIX MCIIOJIB3YEM HEPaBEHCTBO Kormu-

BYHHKOBCKOFO B BUJIE

a7 (@)
Zyi g > Yi '

[Toyaum
(a+b)* (a+c)? (b+c)2>(a+b+a+c+b+c)2_4a2+4b2+462+8
242 b? + 2 2+2 7 a’?+b>+c2+6 a2+ 246

Mu1 Bocrionib3oBasnch tem, 9to ab + bc + ac = 1. K cymme BTOPBIX cjiaraeMbIX IMPUMEHUM
HEPaBE€HCTBO MC2K/y CPpE€IHUM apI/ICbMeTI/I‘IGCKI/IM u CpEeIHUM I'apMOHUYECKNM U ITOJIyIUM:
1 1 1 9
02+2+b2+2+a2+2 > a2+ 02+ c2+6
CkJiaJibiBast JiBa 110JIyUYE€HHBIX HEPABEHCTBA, Oy/IeM UMEeTh
(@a+b)?%*+1 (a+c)*+1 (b+c)?+1 . 4a® + 40% + 4% + 17
2+ 2 b2 + 2 a2+2 7 a?+b2+c2+6

BH&‘H/IT7 OCTaJIOCh ITOKa3aTb, YTO

4a® 4+ 4b% + 42 + 17
a?+b2+c2+6

Hp606pa30BblBaﬂ I[IOJIY49HM, 49TO IIoCJIeJHEeEC HEPaBE€HCTBO PaBHOCUJILHO HEPABEHCTBY CL2 + b2 +

> 3.

c? > 1, uro odeBmHO ciejyeT u3 yeaosus (Tak Kak ab + be + ac = 1).

8. Jlokaxkure, 4TO CyIecTByeT OECKOHEYHO MHOTO Iap HATYPAJILHBIX YUCET M, 7 TAKIX, 9TO
n! + 1 genurcs Ha m, Ho m — 1 He JIeJIUTCs Ha N.

Pewenue. TpeanosoKum MpoTUBHOE: JIJIsT JIOCTATOYHO OOJIBIINX N Bee gesuTesn unciaa n! + 1
JIal0T OCTATOK 1 mpu JejieHnu Ha n. PaccMmorpum Takoe Oosbinoe HedeTHoe k, uto 2k + 1 —
cocraBroe. Ilyctb p — mpoctoii nenuress dncia k! + 1. Torga o npejnonoxkennto p = gk + 1,
pUYeM ¢ OYeBHJHO YeTHO U ¢ # 2, Tak uro q > 4. 3amernm, uto N = (p — k — 1)1 + 1

HACJINTCA Ha P. B CaMOM JeJie, 110 TeopeEMe BI/I.HbCOHa
plp—Dl+1=(N-1D)((p-1Dp-2)...0—k)+1=-N -k +kl+1=—N-k

1o MoztyJio p, To ectb N - k!, a Torma u N, kparto p. Ho p— 1 ue nemures wva p—k—1 > p/2,

o3TOMY romdarca m =p, n=p—k — 1.

I'eomerpusi

Muianmaga Jjura

9. B Tpeyrosbauke ABC mposejiena mennana AA; n Ha Helt orMeueHa Touka M — TouKa

nepecedenust meuan. Touka K wa cropone AB rtakosa, uro MK || AC. Okaszajioch, 4To
AM = CK. Haitgure yron ACB.



Omeem: ZACB = 90°. Pewenue. Coepuanum Touky C' ¢ Toukoir M U mOJIyduM TPaIEIo
AKMC. Dra Tpanerust — paBHOOeIpeHHasI, TaK KaK II0 YCJIOBHUIO B Heil paBHBI JHArOHAJI.
Orcrona nosyaaem, aro ZACM = Z/BAC. Ipomium C'M 1o nepeceuenusi ¢ AB B Touke
L (cm. puc. [[l). Tak xkak M — Touka mnepeceuennst meauan, 1o C'L — mMejnana, u, 3HAUUT,

AL = CL = LB, 1o ectb Mmeguana C'L paBHa 1ojoBuHe cTOpoHbl AB, 9TO 1 03HAYaeT, ITO
ZACB = 90°.

10. Ha mrockoct ormedeno 2011 touek. Hazosem napy ormedeHHbIX TOUeK A 1 B usdoaupo-
6aHMOT, €C/IN BCe OCTAJbHbIE TOUKN HAXOMSITCS CTPOTrO BHE KpyTra, IMOCTpoeHHOro Ha AB Kak
Ha Jiuamerpe. Kakoe HanMeHbiee KOJUIECTBO U30JMPOBAHHBIX 11aP MOXKET OBITh?

Pewenue. Coenunum Toukn A u B orpe3kom, ecin napa AB siBjisieTcst U30JUPOBAHHOM, 1
PACCMOTPUM MOJTYUUBITHIICS rpad. 3aMeTUM, 9TO OH CBA3HLINA. JleficTBUTEeIbHO, ITyCTh OH pac-
najIaeTcs Ha P KOMIIOHEHT CBSI3HOCTHU; TOTJA HalileM Tapy TOYeK M3 Pas3sHbIX KOMIIOHEHT C
HAMMEHBIIINM PACCTOTHUEM MeXK Ty HUMHU. HecnokHo BUIeTh, UTO Takas Napa sBJIIeTCs M30-
JINPOBAaHHOI, Tak Jiodas TOYKa, MONaBIIasd B UX KPYT OJIMKe K HUM OOenM, 9eM OHM K JIpYT
JIPYTY, HO He MOYKET JIeYKaTh cpaldy ¢ 000uMu B 0jiHO# KommoHeHnTe. B cst3nom rpade na 2011
BepmnHax He MeHee 2010 pebep, TeM caMbIM MbI ITOKa3aJI1, YTO U30JIMPOBAHHBIX TIap HE MeHee
2010. [Tpumepom siBstercst 2011 Tovek, JiexKaIux Ha OJHON MPAMOIl (MM Ha MOJTYOKPYKHO-

cTn).

11. B Tpeyroiasuuke ABC touku M u L na croporne BC — ocHOBaHWS MeINaHbI 1 OUCCEK-
TPUCHI COOTBETCTBEHHO, TPOBeJeHHBIX n3 BepiuHbl A. Toukn P u () — OCHOBaHUsI IepIIeH-
JINKYJISIPOB, ONYyIeHHbIX 13 Touku L Ha crtoponbl AB u AC coorBercTBenno. Touka X Ha
mejnane AM rtaxkoma, uro XL 1 BC. lokaxkure, uro Toukn P, X n () jexkar Ha OJHOI
IPAMOIA.

Pewenrue. 3amernm, aro Tpeyroabaukn ALP u ALQ) pasubl (1m0 obmeii runorenyse AL u

A

C A B

Puc. 1: K 3azaue [l



paBubiM ocTpbim yryiam BAL u CAL). Orcioga umeem PL = LQ u AP = AQ (cm. puc. ).
Nnmeem taxxke Z X LEQ) = 90°— LZQLC = ZACB n ananornuno /X LP = ZABC. Tenepb MbI
nokazkeM, uto npsimbie X L u AM pensar orpe3ok P() B 0MHAKOBOM OTHOIIEHUH, YTO U Oy1eT
osHaudaTh Tpedyemoe. Mennana AM penut orpesok P() B OTHOIIEHNN, PABHOM OTHOIIEHIIO
cunycoB yriioB QAX nu PAX (tak kak tpeyrojibauk A P() paBHOOEIpEHHbIIT), a, KAK H3BECTHO,
OTHOIIIEHNE CHHYCOB 3TUX YIJIOB PaBHO oTHOIIeHNIo cuiycoB yriioB AC' B 1 ABC TpeyrobHIKa
ABC'. llpamag LX nenmut orpe3ok P() B OTHOIIEHUH, PABHO OTHOIIEHIIO CUHYCOB yIyioB X L()
u X LP (tak kax Tpeyrojbuuk P L(E) Toyke paBHOOEJIPEHHBIN), a 9TH yIJIbl, KAK MbI MOHSIH,
pasabl yriiam ACB u ABC'. Tem cambivm Mbl okasasn, 4to X L n AM nepecekarores va PQ),

a 3HAUNT TOUYKa X — TOUYKA UX IepecedeHus JIeXKUT Ha oTpeske P(Q).

12. B Boinykiom gersipéxyronbhunke ABC D okazaiocs, uto AB + CD = +/2- AC u BC +
DA =+/2- BD. Jokaxure, uto ABC'D — mapaJjiesorpaM.

Pewenue. Tocrponm rouku M u N rak, ato CM || BD, AN || BD u CM = BD = AN (cm.
puc. B)). oaywarcs mapaienorpammel BCM D, BDNA u CANM (cMm. deprex), OTKYyjIa
Mbl umeeM: AB = DN nu BC' = M D. Hanumiem ToxK1ectBo napaJsuietorpamma st CANM .
meen: 2AC% + 2BD?* = AC? + CM? + MN? + NA?2 = AM? + CN? < (AD + DM)? +
(CD+DN)?* = (AD+BC)*+(CD+ AB)? = 2AC?+2BD?. Otcioia noJydaemM, 4To BO BCEX
HEPaBEHCTBAX PABEHCTBO, TO ecTh TouKa D yiexkut Ha AM nna CN, o ectb AD = DM = BC
uCD = DN = AB, 1o u TpeboBaJjoCh.

Crapniag jaura

13. B npsmoyronbauke ABC' D touka P — cepeauna croponbl AB, a Touka () — ocHOBaHUe
HepIeHInKYyJIsIpa, omyinenHoro u3 Touku C' #wa PD. lokaxkure, uro B(Q) = BC.
Pewenrue. 3amernm, ato deTbipexyroiibiuk P BC(Q) Biucanublii (TaK y HEr0 MpPOTHBOIOJIOK-

Hble yIJIbl npsiMbie), a 3aadut ZBCQ = ZDPA (cm. puc. dl). C apyroii croponst ZDPA =

A

Puc. 2: K zazaue [I11



ZCPB (u3 covmmerpun) u ZCPB = /ZBQC (cHOBa M3 BINCAHHOCTH YETHIPEXYTOJbLHUKA
BCQP). Tem cambiM Mbl nostyamin, aro ZBCQ = ZBQC, aro u o3uadaet, uro BQ) = BC.

14. Jdan Terpasuap ABCD. Cdepa, npoxojsiiiast dyepes Bepimunbl A, B u C', nepecekaer 060-
kKoBble pebpa DA, DB u DC B Toukax Ay, By u C]. 9T TOYKH OTPa3UIH OTHOCHUTEIHLHO
CepelinH COOTBETCTBYIONUX pedbep u nosayamin Toukn As, By n Cy. Jlokaxkure, 910 TOUKH A,
B u C paBHOyma/eHbl OT IeHTpa onucanHoi cdepbl Terpasapa DAy ByCh.

Pewenue. Cum. puc. Bl 3amerum, uro DA, - DA = DB, - DB = DC, - DC, Tak Kak Bce 3Tu
TPU BBIPayKeHUsl — CTeleHb TOYKU [) OTHOCHTEIbHO JaHHON cdepnl. Torma Mbl nMeeM, 9TO
AD-AAy = BD - BBy = CD - C(CYy, aro o3naqdaet, aro Toukun A, B u C' ©MeIoT 0JMHAKOBYIO
CTelleHb OTHOCUTEJIHLHO omnmcaHHoi cdepbl Terpasnpa DA ByCs, TO ecTh paBHOYIAJIEHBI OT

[eHTpa 3Toil cephl.

15. Toukn A, B, C, D nexxat Ha OKPY’KHOCTH B yKa3aHHOM Tmopsiake, npuiaém AB u C'D
HenapaJsuieabunl. Jauna qyru AB, cogepzkaieii Touku C' u D, B 1Ba pasa 00JIbIlle JINHBL 1yTHd

CD, ne conepxaineit touek A u B. Touka E 3anaérca ycaousmu AC = AE u BD = BE.

Puc. 3: K 3ajaue 12

B C
P

Q
A D

Puc. 4: K 3anauqe [I31



Oxka3zaJjioch, 9TO MEePHEHANKYJIAD U3 TOUKN F Ha npsimyio A B NPOXOIUT Yepes3 CepenHy JIyTH
CD, ue conepxkameit Touek A u B. Haiinure ZACB.

Omeem: 3m/5. Pewenue. Kak usBecto, s Touek X, Y Ha IUIOCKOCTH JiIoOast mpsiMasi,
neprenukyasapubie XY, sanaercs yenosuem {Z: ZX?—ZY? = const}. [Iycrs P — cepejuna
CD. Torna ycnosue EP 1 AB Bneuer pasenctso PA? — PB? = FA? — EB? = AC? —
BD?. 3uaunt, AP?> — AC?> = BP?> — BD? = B'P? — B'C?, rae touka B’ cuMmerpnuna B
OTHOCHUTEIBHO CEePeJINHHOIO TepreHuKysipa K BD (B cuiy ycjioBus 0 HemapaJliebHOCTH
B' # A). Orcrona nosygaem, uro npsimbie AB' 1 PC nepriesiuky isipabr. st HalpaB/IeHHbIX

YIUVIOB MEzKAYy HPAMBIMA UMEEM

7/2 = Z(AB',PC) = /(AB',B'C) + Z(B'C,CP) =
— /(AB,BC) + Z/(DP,DB) = /(AB, BC) + /(AP, AB) = /(AP, BC).

Taxkum obpaszom, npsambie AP u BC nepneHuKy/asipHbl. 9TO 3HAYUT, 9TO PA3HOCTH yIJIOBBIX
mep ayr AB u PC' (ne cofepxKaiux Touek P u A coorsercTBerH0) pasHa 7. Ecin 0bo3HaqnT
nayry PC' 3a x, To mosydaem, ato jgyra AB (He comepKaias P) paBHa 2w —4x, oTkyna br = ,

x = 7/5, nyra AB pasna 67/5, yron ZACB pasen 37/5. 9T0 u ecTh OTBeT B 3ajade.

16. Ha mrockoctn ormedeno 2011 touek. Hazosem napy ormedeHHbIx TOUeK A 1 B usoaupo-
6aHHOT, €C/IN BCe OCTAJbHbIE TOUKN HAXOMSITCS CTPOrO BHE KpyTra, IOCTpoeHHOro Ha AB Kak
Ha Jiuamerpe. Kakoe HanboJIbIiee KOJMIECTBO N30JIMPOBAHHBIX AP MOXKET ObITh?

Omeem: 3-2011 — 8 = 6025. Pewenue. JJokarkem cHagasa ONEHKY, /st dero obosnadnm 2011
3a n. CoeJIMHNM 30/ IMPOBaHHbIE [Tapbl TOUEK OTPE3KaMU U OYJIeM UX pacCMaTpUBaTh KakK ped-
pa rpada ¢ BepIIMHAMHI B HAIIKX TOYKAX. 3aMEeTUM, YTO HUKaKHe JiBa pedpa He UMEeI0T O0IIIX
TOUYEK, KPOMe KOHIIOB: 3TO cpa3y CJeJyeT U3 TOr0, UYTO OJUH U3 YIJIOB BBIIYKJIOIO YeThIPeX-
yroJibHUKa He ocTpbiil. To ke BepHO 1 JiIst pedep, JiexKalluxX Ha OJIHON MPsSIMON — I0ITOMY

HaIll rpad OKa3bIBAETCs IJIOCKUM. boJjiee TOro, OH OCTaeTcs IJIOCKUM, eCIn JJOOABUTH K HEMY

D

Puc. 5: K zajauqe [14l



BCE CTOPOHBI BBIMYKJIOH 000/I0UKN HAIUX TOUYEK. Bojiee TOTo, ecjin BbIyKJ/as 000/I09Ka eCTh
k-yroyibHEK (BO3MOXKHO, BBIPOZKJIEHHBI ), MOXKHO JI0OABUTH ellle k — 3 pedpa, TPUaHTyIUPYysi
BHEIITHIOIO TPalb. JloKazkeM, UTo B JIIOOOM ciIydae Mbl J00aBuIn He MeHee 2 pebep. Ecau k > 5,
9TO yKe 00bscHeHo. Eciu k = 4, To Mbl jj00aBjIsieM 0JTHO BHEITHEE pedPOo 1 eIlle XOTs Obl OJIHYy
113 CTOPOH BBIYKJION 000J109KH (B cAMOM Jiejie, eCJIi OHI BCE M30JIMPOBAHHBIE, TO BHYTPH He
MOYKET ObITh HU OfIHOI TouKH, HO n > 4). Hakonery, ecii k = 3, To MbI 00aBJisieM X0Tst ObI [[Be
CTOPOHBI BBITYKJION 000JI0UKN — MHAYe, OlSTh »Ke, BHYTPU HE MOXKeT ObITh ToUeK. VTak, MbI
JI00aBUIN XOTs1 ObI Ba pedbpa u rpad Mo-Ipe:KHEMY SABJISIETCA MJIOCKUM. SHAYUT, KOJINIECTBO
ero pebep He IPeBOCXoAUT 3n — 6, MO9TOMY M30JIMPOBAHHBLIX IIap He 0oJibllle, YeM 3n — 8.

Tenepb 00bsICHUM, KaK CTPOUTHL IPUMEpP ¢ 3n — 8 U30JIMPOBAHHBIMU ITapamu JJjisd n = bk + 1.
Hna k = 1 Bo3bMeM BEPIIMHBI MPABUILHOTO MATUYTOJbHUKA W €ro NMeHTp. Ecam nmeercd
npuMep JIsg k 1 BBITYKJas 000JI09Ka TOYEK B 3TOM MpUMepe — MPABUIbHBIN TATHYTOIbHIK,
100aBUM TISITh TOYEK HA CEPEMHHBIX MEPIeH NKYIsIPax K ero CTopoHaM (TOYHee Ha JIydax,
IOCTPOEHHBIX BOBHE ISATUYTOJIbHUKA) HA DABHOM U O4YeHb OOJIBIIIOM PACCTOSIHUU OT IHEHTPA.
Hecoxkuo ybeanThes, 9To cTapble H30JMPOBAHHbBIE TIAPbl OCTAHYTCS N30JMPOBAHHBIMU H 110~

SIBUTCSI 15 HOBBIX M30JIMpoBaHHbIX 1ap. [Ipu k = 402 nosrygaem Tpedyemoe.

KoMmbunaTopuka m Jjioruka

Mananamiaa jgnra

17. Moxno qm kBajgpatr 10 X 10 pazpesarh 1o kjeTodkam Ha 11 NpsMOyTrOJbHUKOB, Cpejin
KOTOPBIX HET IO00HbBIX?

Omeem. na. Pewenue. Cm. puc. [

18. ITo kpyry crout 2011 npejcraBuTe/neil Tpex IMJieMeH: PbIIAPH, JIZKEIbl 1 KOHPOPMUCTHI.
Prinapb Bcerjia ToBOpUT MpaBLy, JIZKEIl BCETIa JIZKET, & KOH(POPMUCT MOXKET JITaTh, TOJIHKO
eCJIM CTOUT PSJIOM C JIZKEIOM (I MOXKeT cKa3aTh mpasiy). Kaxk et 3assmir: «Mou cocen
13 pa3HbIX IIeMeHy. Kakoe MuUHNMAaIbHOE KOJIMIECTBO JIZKEIIOB MOYKET ObITh CpeJin HUX !

Omeem: 1. Pewenue. Ilokaxkem, 910 ecTh X0Th ojuH Jokem. Ilycts ne Tak. Torma Bce Jro-
JI, CTOSIIIUE 110 KPYT'y FOBOPAT IPaBIy. SHAUHUT, PSIJIOM C KayKJIbIM PbIIapeM €CTb ellle OJ1H
pbilapb 1 oauH KoHdopmMmuct. Ilomydaem Takyro nocienoBareabHocTh: PPKKPPKK. .. B sTom
caydae, KOJUYIeCTBO JIIOJel JIe/INIoCh Obl Ha JiBa, UTO HE TaK. SHAYUT €CTb XOTd Obl OJIH

ke, [pusejgem npumep: JIPPKKPP. . . KKPP.

19. Ha jocke nammcanbr 8 unces. JIBoe xomadaT 1mo odepean. 3a OJUH XOJI HY?KHO 3aMEHUTH
JIB& PA3JIUIHBIX YUC/Ia JIByMs PABHBLIMU C TAaKO »Ke cyMMoil. Ecin B KaKoil-TO MOMEHT MOXKHO
OyzeT pa3duTh BCe YNC/Ia Ha JBe YeTBEPKU C PABHBIMEI CyMMAaMHU, TO IIePBbIil BeIMrpaeT. MoxeT

JIN BTOPOIi eMy MoMeIiaTh?



Pewenue. HazoeM 9HCIIO XOPOIINM, €CJIH OHO BXOJUT B TPYIILY U3 JBYX HJIH O0OJiee PABHBIX
ancest. [TokazkeM, 9T0 KayKJIBIM XOJOM IEPBbIH CMOKET YBEIUIUBATL UHCIO XOPOIIHX THCET
10 CDABHEHUIO CO CBOW IPEJIBIIYIINM XOJOM, HJIH OCTABJIATH €r0 MPEKHIM, HO YBEJINYNBATD
paszmep HanbosibIeit rpybl. CIucoK pasMepoB TaKUX MPYII Ha30BeM TUIoM mnosutini. [locie
X0Jla, BTOPOI'O TepBbIil Jierko nenaer tuil (2,2). Ecam Bropoit coemunuT aBa dncia u3 map,
BTODOIl COCMHAUT /Ba JAPYTHX 9HCIa n3 9TUX map u nosayant tan (4). Ilpwm sobom apyrom
X0J1e BTOPOTO TIePBBIit Jierko mostydant (2,2,2). U3 tuna (4) sropoit memaer (4,2) win (3,2).
I3 (3, 2) mepssiit nesaer (2,2,2). B nosunnu (2,2, 2) win (4, 2) nepBeliit yrpozkaer ceaaTh n3
qurcesl BHE TPYIII €Ile OJIHY Tapy, U PacKuIaB Mapbl 10 YeTBEPKAM, CJIEJIATh PABHBIE CYMMBbL.
Ecsin BTOpOil COEMHUT 9JIeMEHTBI TPYII, TO CYMMbI B 9THX YeTBepKaxX OH He MeHsieT. Kcjm
JKe OH COCJIMHHUT 3JIEMEHT IPYIIbI C 5JEMEHTOM BHE TDYIIIBI, TO HEPBBIl COCMHUT BTOPOIl

9JIEMEHT Taphbl ¢ APYTUM JIEMEHTOB BHE TPYII U Moy duT (2,2, 2, 2).

20. B crpane HeckosibKo (60Jbie 3) TOPOJIOB, HEKOTOPbIE W3 KOTOPBIX CBSI3aHBI JIOPOTAMIL.
OkaszaJjioch, 4TO HPH 3aKPLITUU JII0OOI0 Iopoja, OT JIF0OOIo ropoja 0 JiIFoOOIo MOXKHO JI0-
OpaTbes He 3ae32Kasi B 3aKPLITHII NOPO/I, OJHAKO, IIPU 3aKPLITHH JIF00O0 JIOPOTrH 9TO CBOICTBO
Hapymaercs. JlJokayknure, 9To B 9TOI cTpaHe HET TPeX MOPOJIOB, TOMaPHO CBSI3aHHBIX JJOPOTaMHU.
Pewenue. Ot nporuBHoOro, mycth Takne Tpu ropoga A, B u C' namuincs. Kpome Toro, ects ere
KaK MUHUMYM OJIMH TOPO/I (110 YCJIOBHUIO), TO €CTh 13 OJHOTO 3 roposioB A, B umm C' BbIXOIUT
ele Kak MIUHIMYM OJHA JOpora, IycTh 310 jgopora AD. 3akpoem ropox A, Tormaa or ropoua
D (10 ycoBuio) MOXKHO 100paThest 110 ropoaoB B u C, nycTs 1myTh 70 ropoja C' He COIepKUT
nopory BC'. Bamerum, 4TO MBI HOJIYYMIN TaKUM 00pasom, 9To jopory AC MOXKHO 00bexarhb

o mapuipyty ABC nu ADC'. 3naunT npn 3axkpbiTun Jitoboro ropojaa pedpo AC moxkHO Oyer

Puc. 6: K 3zazaue [I7



O6’beXaTI), TO €CTb IIpU €I'0 BbIKMAbIBaHNN CBOIICTBO U3 YCJIOBUA HE HapyIlIaeTCHd.

21. B HeKOTOPBIX KjIeTKaxX OECKOHETHOI KIeTdaToil MOJIOCKH CTOAT YepHble (DUIIKH, B HEKOTO-
pBIX Oejible, a B OCTAJILHBIX He CTOUT HIYero. Beero dpuinek KOHEUHOe KOJINYIECTBO, B KaXK IOl
KJIeTKe He 6osiee ofHOI. Paspermaercs mpon3BoIuTh OJHY U3 CAEAYIONINX OIIE€PAIINIi:

(i) ecom moapsn uaymme (B TakoMm nopsiike) Kiaerku A, B, C' takosbl, uto B A u B C' crosT
QUIIKKE pa3HOro IBeTa, TO B KJIETKY B MOYKHO IOCTaBUTH (PUIIKY JIIOOOT0 IIBeTa, €CJIM 9Ta,
KJIeTKa IMycTa, Win yopaTh oTTy/1a (BUIIKY, eCJau TaM CTOUT (DUIITKa,;

(ii) ecsin mogpsi uaytme (B TakoM nopsijike) kiaetku A, B, C', D 3anoJiHeHbl (hUIikaMu, mpu-
yeMm puikn B Kiaerkax A u D onnHakoBble, TO MOXKHO ITOMEHSITh MecTaMi (DUINKN B KJIETKAX
BucC.

HokaxkuTe, 9T0 TAKUMEU OIEPAIUSIMU HEJIb3sI IOMEHSITH IBET (DUINKHU, CTOAIICH MEXKJLY JIBYMsi
OJTHOTIBETHBIMHU (DUIIKAMHU (TIPH 9TOM COXPAHUTH 00IIee KOJINIECTBO (UINEK, U B KaxK/JI0i u3
OCTAJIBHBIX KJIETOK, B KOTOPOi H3HAYATBHO CTOsiIa (PUIITKA, OCTABUTH (DUIIKY TOTO JKe IBETA).
Pewenue 1. IloctaBuM B cOOTBETCTBHUE IyCTOI KjeTke ducjao (), KjIeTKe ¢ 4epHoil (PUIIKOii
qucsio —1 un KaeTkaMm ¢ 6estoit dumikoit dmcso 1. Torma mpu ommcaHHBIX olepalusx He Oyaer
MEHSATHCS CyMMa, [IOMapHBIX IPOM3BEIeHNIT Uncesr B coceannx KiaeTkax. OmHaKo mpu TpedyeMoil
3aMeHe 9Ta CyMMa [TOMEHsIeTCsI, [I09TOMY TaKasi 3aMeHa HEBO3MOXKHA.

Pewerue 2. PaccMoTpuM TOC/IEI0BATETLHOCTD YEPHBIX 1 GesIbIX (puiiek (OmyCcTHM Bee yCThie
10Jist). PaccMOTpuM KOJIMYIECTBO IPYII PsiIOM CTOAMNX 4€pHbIX duiiek. OHO HE MeHseTcst

PN ONMMCAHHBIX Ollepalusdx, a Ipu TpedyeMoil 3aMeHe N3MEHUTCS .

Crapinas jmra

22. Jlana mpsAMOyTOJIbHAS KaeT4daTas JOCKa IO 00/IbIne oHOM KaeTku. JlokaxKkuTe, 9To
MOYKHO OTMETUTH HECKOJIBKO €6 KJIETOK (HO He BCe) Tak, 4TOObI KasKjiasi HEOTMEUIEHHAsT KJIeTKA
nMesia POBHO OJTHOTO OTMEYEHHOTO COCeJla 110 CTOPOHE.

Pewenue: Ilycth KommdecTBo cTpok Oosbiie 1. Ecam kosmdecTBo c¢Tpok n = 3k, oTMeTnM
BCe KJyleTKu 2, 5, ..., 3k — 1 crpoku. B nporuBHOM cjlydae OKpacuM CTPOYKHU C HOMEPAMH,

JaronmMn octatok 1 ot jenenns: 1. HecstoxkHO BuieTh, 4TO HOJIyUNTCA Tpedyemoe.

23. B nekoropoii cTpane mMeeTcss n MPOBUHIMAIBHBIX TOPOJIOB U cTosmIa. CTOMUIA coeTu-
HeHa MPSIMBIME 0eCIIocaJI0IHbIMI aBuapeiicamu co BceMu ropogamu. Kpome Toro, HeKOTOpbIE
napbl MPOBUHITUAILHBIX TOPOJIOB TaKyKe COeJIMHEHBI aBUapeiicaMu, IIpIIeM 13 JII0OOr0 MPOBUH-
IUIAJILHOTO TOPO/IA MOZKHO €JIMHCTBEHHBIM 00Pa30M JI00PAThCs CAMOJIETOM JI0 JII0OOTO JIPYTOro
(BOBMOKHO, € MepecaKaMi B JPYTUX MPOBUHIMAIBHBIX TOPOJaX — HO HE B CTOJIHIE), HE 3a-
JIeTasi B OJIMH 1 TOT YKe TOPoJL JABazK/ ibl. [IpaBuTe/ibeTBO X0UeT ¢ie/aTh Kazk/10e JieficTByoIee
aBMaHAIpaBJIeHe OJHOCTOPOHHUM TaK, YTOOLI, BBLIETEB W3 JIIOOOIO Topojia, B HETO HeIb3s
Ob110 BepHyThCst. CKOJIBKO CIIOCOOOB Y MTPaBUTEIbCTBA OCYIeCTBUTH cBoil an? (Hampumep,

it n = 2 orBeT — 6 C11oco6oB).



Omesem: 2 - 3"~ 1. Pewenue. JlokazkeM 3TOT OTBeT 110 MHAYKINH. Baza m1ad n = 1 odeBHIHA.
[Tepexoj: paccMOTpUM TOJIBLKO IPOBUHIMAJbHBIE ropoja. [TokazkeM, 9T0 HaiigeTcs Tropoj, u3
KOTOPOI'0 BBIXOJAUT POBHO 1 aBumasjmnus. s 37010 BhIOEpEM JH000I TOpos U OyIeM 13 Hero
JIETETb 110 HOBBIM ABHAJIMHUSIM, IIOK& 9TO BO3MOXKHO. JIOO MBI BCTpeTuM Topoj, B KOTOPOM
MBI y2Ke ObLJIM, HO TOrJia 00pa3yeTcs IMUKJI, a 3HAUUT MEXKIY JIIOOBIMU JIBYMsI FOPOJIaMU 3TOTO
IUKJIa YK€ eCTh JBa IIyTH, 9YTO IPOTUBOPEYHUT YCJIOBUIO, JINOO MBI IIOIIAJIEM B TOPOJ, U3 KOTO-
POro HeJIb3sl BBLIETETH 110 HOBOI aBHAJMHUM, YTO M O3HAYAET, 9YTO U3 ITOIO I'OPO/a BBIXOIUT
POBHO OJiHa aBUAMHIsI (Ta, 10 KOTOPOil Mbl B HEro npuiere/in). Tenepb 0T6poCHM 3TOT FOPO/I,
Hecmo:kHO BUJIETH, UTO MEXKIY JIIOOBIMHU JIBYMsI IPOBUHIIMAJILHBIMI TOPOIAMI 110 IIPEXKHEMY
eCTb TOJIbKO OJINH IIYTh, IIPOXOJSIIUI TOJBKO 110 IIPOBUHIMAJIBHBIM TOpPOJaM. 3HAYUT, Oe3
OTOPOIIEHHOTO T'OPO/Ia, KOJNIECTBO CIIOCOOOB OPUEHTUPOBATEL OCTABIIINECS aBUAJUHUN Tpedye-
MbIM 00pa30M paBHO 2 - 372 110 Ipe/oIoKeHIIo NHAYKINH. Ternepb paccMOTPIM aBHAJIMHIN,
BBIXOJSINNE U3 BBIOPOIIEHHOIO MOPOa: MyCTh 9TO TOpoa A u u3 Hero ecTh aBuajnnns AB B
[IPOBUHINAJILHBI ropoj B u aBuaiunus AS B crommiy S. 3aMeTuM, 9T0 /i JIBYX JAHHDBIX
pebep rogTest Bce OpUEeHTAlN, KOTOpble He 00pa3yloT UK ¢ peopom SB. eiicTBUTEILHO,
ecJIN [PU TAKUX OPUEHTAINsIX 00pa30BaJICs IUKJI, B KAKOM-TO HAIIPABJIEHNN TPOXOIASAIINI Iy Th
SAB, 10 pebpo S B opueHTHPOBAHO TaKKe, KaK 1 9TOT MyTh (Tak KaK OHI He 00pa3yoT MUKJI),
a TOI'JIa IUKJI ObLI ObI 1 paHbllle — ¢ pedpoM S B, HO 9T0 HEBO3MOXKHO. T pedyeMbIX opreHTallnii

POBHO 3, & 5TO 3HAUNT, UYTO HY’KHO YMHOKHUTH 2 - 3" 2 Ha 3, U HOJIYyIUTCA TpebyeMoe.

24. Kaxkjast ToUKa OKPYZKHOCTH OKpallleHa B OJUH U3 cTa BeroB. JJokaxkure, 4To Haiijgercs
BIMCAHHAS B OKPYZKHOCTDL TPAIICIs, BCEe BEPIINHBI KOTOPOil — OIHOIO I[BETA.
Pewerue. Brimiiem B OKPY?KHOCTB TpaBuibHbIil (2n 4 1)-yrospauk. Xorst 061 (2n + 1)/100
ero BepIINH OJHOIO HBeTa. Pa3/JMYHbIX PACCTOSHUI MEXKJy HUMHU MOXKET ObITH 7, TAK UYTO
KaKoe-TO PacCTOSTHIE Peaju3yeTcst XOTsl Obl Ha
((2n +1)/100)((2n +1)/100 — 1)
2n

napax. [Ipu 6osbmux n 910 6osbiie 3. Ho jilerko BujeTh, 4To u3 4 Xop/i ¢ paBHBIMU JIITHAMU

KaKHe-TO ABE€ HE NMCIOT O6H_[I/IX KOHIIOB, TaK 9TO MX KOHIIbI 06pa3y10T paBHO6OKyIO TPpallelInuo.

25. Nmeercs 18 rupn maccamu ot 1 10 18 rpammoB. Ha Hux Hak/eeHb! (HeBeCOMbBIE) HAKJICHKI
c uncjaaMn oT 1 1o 18, ykaselBalomiue Maccy, HO JiBe HakJ/eiiKn neperyTanbl. MoxkHo i 3a
4 B3BeNMBAHNST HA BECAX CO CTPEJIKOM (ITOKA3BIBAIOIINX CyMMAPHYIO MACCy ITOJOKEHHBIX Ha
TAIKY BECOB I'MPb) HABEPHsIKA OIPEIEJNTD, KaKas NMEHHO [apa HAKJIeeK reperyTana’

Omeem: Het, Heb3d. Pewenue. 1Ipeanonoknm, 4To Mbl IPOBeJn 4 B3BENINBAHUA U BECHI
KazKJIblil pa3 JaBaJll TOT Ke Pe3yJIbTaT, KOTOPbIil ObLI Obl, ecjii Obl HAK/ICHKU He IepelryTaJlu.
Pazobbem Bce rupu Ha 16 rpymin B 3aBUCUMOCTH OT TOIO, KJIaJ/Il JIM I'UPIO Ha BEChI IIPU KazKJ0M
n3 4 B3pemmuBaHuii. byjer yimbo rpyia u3 He MeHee YeM 3 I'mph, JIMOO JIBe I'PYIIIBI He MeHee
9eM 110 2 TupH B Kaxk/J[oil. B 06onx cirydasgx Hesb3s OJHO3HAYHO yTBEPKIaTh, B KaKOil U3 map

HaKJIEUKN IIepelryTatbl.



26. Kommanust u3 HECKOIBKUX JIIOJEl HA3BIBAETCS C6A3HOU, €C/IN ee HeJIb3sl pa3sOuTh Ha JIBe
HEIIyCThIe I'PYIIIILI TaK, UTO JIOIU U3 PA3HbIX IPYIII Oy/IyT HE 3HAKOMBI. B HEKOTOPOIil ¢BsABHOI
KOMIIQHUN KazK bl 3HAET POBHO Ye€TBEPLIX, 1 YeTBEPO 3HAKOMBIX KasKJIOI'0 UeI0BEeKa 00Pas3yioT
CBSI3HYTIO KOMITaHuio. Jlokakure, 9T0 JIrojieil 3TOI KOMIIAHUN MOYKHO IIOCTABUTD 110 KPYTY TaK,
4TOOBI JIIOOBIE JIBA COCeIa OLLIN 3HAKOMDL.

Pewenue. Bymem HaspiBaTh KOMIAHMIO rpadoM, Jroaeil BepiinHaMi, 3HAKOMCTBA pedpaMi,
IOCTPOEHHUsI [0 KPYTY IUKIaMi. PaceMorpuM Hanbo bImil UK B HallleM rpade (sCHO, 910
[UKJI eCTh: B JjiepeBe Oblia Obl BUCsSUas BepiuHa). [Ipe ook, 9T0 OH COJEP:KUT He BCe
BepIInHbI, 1 ab — pebpo u3 BepIIMHbI MUK/ a, Bejyllnee BHE NuKJa. Eciu u3 a Bejer ere
OJIHO pebpo ac BHe IHKJIA, TO cocefieil a MOXKHO pasbuTh Ha jBe rpymibl — {b,c} u jBa
cocesia a o UKLy, — TakK, 9T0 pebep MexK/Iy BepIIMHAME PA3HbIX I'PYII HET (MHAUe Obl KT
yBesmmauBajics). Takum obpasom, u3 a Beger pedbpo ab BHe IuK/a, pedpa mukia ad u ae u
ere OJIHO pebpo BHYTPD IUKJIA ac. BepimHa b He cMexkHa ¢ d u e (MHAYE YBEJIUYUM IUKJI),
3HAYUT, OHa cMexKHa ¢ ¢. Ecim aecd — Bech 1UKJI, TO MPOBOJISI T€ YKE PACCYKJICHUS, 4TO JIJIsI
@, 7SI BEPIINHBI €, MOJYIUM, UTO € U d CMEXKHBI U IIOTOMY €CTh OoJjiee JITMHHBIN 1K/ cedab
— nporuBopeune. Utak, B nukie He MeHee st BepinnH. OJiHa U3 BepHInH b, ¢ 110 YCIOBHIO
JIOJI?KHA OBITH CMEKHA C OJIHOI 13 BepIIuH d, €. 9TO He BeplllnHa b, TaK UTO BEPIINHA ¢ CMEXKHA
¢ onHoit 13 Hux. Ho u3 BepmmHkbI ¢ BeJayT pedpa B a, b u cocejeit ¢ 1o mukJy. CiegoBaresbHo,
ojuH u3 yTux coceneit — d win e. [lycrb e — cocet ¢, Torga d — He coceli (Tak Kak HAIIl TUKJI
copepkuT 6osiee 4 Beprma). Ho Torma Beprumna d mokHaa ObITh cMekHa ¢ e (nHade {d} u
{b, e, c} — pasbuenue cocesieil a Ha JBe YACTH, MEXKIy KOTOPbIME HET pedep). Termeph MOKHO

YBEJIMYUTDH IUKJI, PACCMOTPEB HOBBII IUKJI C. . . deab.

Komangnas oamMmnmaga

Muaamimnaga jgura

27. (4) B psiy exxar 11 mownet, Jjirobble jiBa cocesia oTindaiorest Ha 1 rpamm. V3BectHo, 910
y OJHOII He KpaliHeil MOHEThI 0Da cocejla Jierde e€, a y OCTaJbHbIX He KpallHUX — OJIMH CO-
cell Jerde, Jpyroii — Tsrkesaee. Kak HaflTu caMyio Ts:KelIylo MOHETY 3a 2 B3BeIIMBaHUA Ha
JalevHbIX Becax 6e3 ruphb?

Pewenue. O6o3naaum mouersr My, My, ..., Myy. Ilycrs nanbosbimit Bec y M. IlepBbim
B3BermmBanueM cpasunm My + Mg ¢ My—+ M. Ecim nepesecut JieBas yaria, To k = 2,3 win 4,
ecan JieBast — 10 k = 8,9 min 10, upu paBHoBecun k = 5,6 min 7. BropbiM B3BelInBaHIEM

CpaBHUBAEM JIBE€ MOHETHI C KpallHUMI HOMepaMW U3 TPOWKU MOJ03PUTETbHBIX HOMEDPOB.

28. (5) B tpeyrosnbuuke ABC nposejena buccektpuca AL. UsBectro, uro AB = 2007, BL =
AC'. Haiinure croponn! Tpeyrosbiuka ABC, ecin U3BeCTHO, UTO OHU IEJIbIE.
Omeem. BC = 10 - 223, AC = 6 - 223. Pewenue. [lycte AC' = a u LC = b (cm. puc. [7)).



[To ycnosuto 910 mesbie anciaa. Umeem 2007/a = a/b = (2007 + a)/(a +b) > 1 1 B cuny
HepaBeHcTBa Tpeyroabunka. Orciona a? = 2007b = 3% - 223 - b. Tax kak a < 2007, To ecTb
nBa BapuanTa: b = 223 mw b = 4 - 223. B sTux ciaydaax noaydaem a = 3 - 223 win 6 - 223 u
okoruarenbHo BC' = a+b = 4-223 wm 10- 223, a AC = 3-223 min 6 - 223 cOOTBETCTBEHHO.

[lepBbIit BapuaHT He yJI0BJIETBOpsieT HepaBeHCTBY Tpeyrosbiuka BC' + AC > AB.

29. (5) VUeHUKU MIKOJIbI MOCEMAIT KPYKKH. JIOKayKuTe, 9T0 MOKHO HECKOJIBKO MITKOJIbHUKOB
IPUHATH B TUOHEPHI TAK, YTOOBI B KaXKJ0M KDY KKe ObLT XO0Ts Obl OJIUH TTUOHEDP U JIJIs JIFOOOTO
IIOHEPa HAIIeJICS KPYKOK, B KOTOPOM OH OBbLJT Obl € IMHCTBEHHBIM ITHOHEPOM.

Pewenue: [lpumem cnagasia B IIOHEpPHI BCEX YUEHUKOB TOM MKOJIBL. [IycTh HapymaeTcs oaHo
13 yCJIOBUI 3341, SICHO, 9TO 9TO BTOpoe. Torjga ecTh MMOHEP TaKoli, YTO B KaXKJIOM KPYKKe,
B KOTOPOM OH 3aHUMAEeTCd eCTh ellle OnH NnoHep. Toraa pasKaayeM TaKOro MIKOJIbLHUKA U3
MMIOHEPOB, 3aMETUM, UTO IIPU ITOM KPYKKOB 0€3 THOHEPOB He MOABUTC. DyaeM Mpoao/KaTh,
II0Ka 9TO BO3MOYKHO, SICHO, YTO B TOT MOMEHT KOIJIa OOJIbITIE He HallJleTcs TnoHepa, Ha KOTOPOM
HAPYIIAeTCss BTOPOE YCJIOBHUE, MBI MOJyIUM TpeOyeMbIil crocod, nbo mpu HaIUX Olleparusax

I[IepBOE yCJIOBUE HE HapyHlIacTC:d.

30. (6) Hazoem HaTypambHOE 9HCIO UHMEPECHDLM, €CITH OHO TIPEJICTABUMO B BUJIE a’+2011b>
JJIs1 HEKOTOPBIX HATYpaJsIbHbIX @ 1 b. JIoKasKnuTe, 4TO ecJIi [l IPOCTOTO P YHUC/I0 P ABJISETCH
UHTEPECHBIM, TO XOTsI ObI OJIHO U3 YUCEN P, 2P TOXKE UHTEpPECHOe.

Pewenue. IlycTb s HEKOTOPOro HpocToro p Mbl umeeM a® + 20116% = p?. Ilepenocs a B
1IpaByto 4acThb, umeeM (p — a)(p + a) = 20116%. Tax kKak p—a +p+a = 2p u a < p, TO MbI
MOJIy9aeM, 9TO MHOYKUTEIN P — a U P+ a JuOO B3aUMHO IPOCTHI, JITOO MMEIOT OOIIMIT JeTUTE/h
2. Ecoim p — a u p + a B3auMHO IIPOCTHI, TO MbI UMeEM JIJIsi HEKOTOPbIX HATYpPaJbHbIX € U d
paBeHcTBO p — a = 2011c? u p + a = d?, wm Haobopot. B moboM ciryuae, CKIaIblBasg 9TH
paBeHCTBA, MoIydaeM TpedyeMoe MpejcTaBenne Jiisd dncia 2p. Femm xxe ancnap—au p+a
uMeeT OOLIMit neuTeb 2, To Mbl uMeeM p — a = 2 - 2011c? u p + a = 2d? (uam HaoGopor),

OTKYyla, CKJIaAbIBad, IIOJy9aeM Tpe6yeMoe InpejacraBjaennue AJjisl 9ucjia p.

A

2007 a

Puc. 7: K zagauge 28]



31. (8) Hucsa a, b u ¢ nexar B orpeske [2,4]. Jlokaykure HEpaBeHCTBO:

2 n 2 n 2 - 3
a+02+c3 b+24+ad c+aZ+b S a+b+c
Pewenue. Tlepenecenm - fé — B JICBYIO YaCTh I BBIUTEM - +}) — U3 KaykJIoro ciaraemoro. Byjiem
UMETh
2 1 Ca+b2-b)+c(2—c*)

a+b+3 a+bt+ec (a+b+o)a+b2+3)
[Tokazkem, 9TO dHCIUTEb OTpUIaTe/bHbIH. [lefictBurensho, a < 4, b(2 —b) < 0 u ¢(2 —
c?) < —4 110 ycoBHIO0. 3HAYAT 1 HOJIyUeHHas Pa3HOCTDh oTpunaTenba. CKlaibiBast TPH TAKIX

HEpPaBEHCTBA, 0JIydaeM Tpedyemoe.

32. (10) Ha nocke nammcansr qucsa or 1 10 1000. Ilerst n Baca xozusT mo odepe/n, Hadunaer
[Ters. 3a ojuH XOJ HY?KHO 3aMEHHUTD JIIOObIE JIBa YHUC/Ia Ha UX cyMMy. Eciam ojHO u3 aByX
MOCJIETHIX OCTABIINXCS Ha JIOCKE YHUCes JIeJINTCA Ha BTOPOE, TO BLIUTPLIBaeT Bacs, nHade —
[Tersi. Ko n3 HEX MOXKET BBHIMIPATh, KAK Obl HI UI'PAJI COMEPHUK !

Omeem: Iletss. Pewenue. HazoBem HaOOP [mces XOPOIIMM, €CJIM MOYKHO BBIJICJIUTH OJTHO THC-
JI0 ¢ ocTaTKOM 4 1pu JeseHnn Ha 8 (HA30BEM ero ocobbIM), a BCe OCTabHbIE HEe KPATHBIE 8
pas3duTh Ha Iapbl ¢ CyMMaM#, KpaTHbIME 8. V3HauabHbI HAOOP XopoIil: ocoboe ducjio — H00,
a BCe ocTaJibHble He KpaTHble 8 pasduBatorcs Ha 437 nap ¢ cymmoit 1000. Ilepsas nens Iern:
OCTaBJIATDH T0C/Ie cebsl XOpoHnit Habop ¢ MEHBITUM YHCJIOM Tap, 9eM IOCJje TPOILIOro XO/Ia.
yMeHbIasi KazK/Iblii pa3 unc/io mnap. Hexopommmit nabop Bacst MoxKeT cjiesiaTh JIByMsl CIIoco0a-
M.

(1) Baca ckiazpiBaet ocoboe wmcsio ¢ ancyiom u3 napbl. Torma [lerst mpubasiisier K pe3y/ibrary
BTOPOE JHCJIO Haphl, BOCCTAHAB/INBAs 0COD0E THCJIO.

(2) Bacst ckitaibiBaer jiBa dnciia u3 pasubix map. Torya [leTst ckiajbiBaer jaBa JIpyrux duciia
13 9TUX I1ap, U 00beMHIeT cyMMy B Itapy ¢ Bacunoit cymmoit. Kak BuauM, qmcyio nap B 060ux
caydasx ctayio Ha 1 MenbIne. Tem caMbiM, He mo31Hee 437-ro xona I[letn octanercss Xopormit
Habop 0e3 1ap, To eCcTh BCe YHCa, KpoMe 0coboro, cranyT kpaTHbl 8. C 3T1oro MmomeHTa [leTs
KasKJIbIM XOJOM CKJIaJIbIBAET 0COD0Oe YMCJIO ¢ HambOJIbIINM U3 ocTajbHbIX. [lociie xona Iletn
ocoboe Oyzer HanboJIbIINM U3 Beex. OTBeTHBIM X0J0M Bacst MoxkeT co3iaTh He 00Jiee 0JHOIO
qncsia 6osbine ocodboro. Ilosromy ocoboe Bcerma OymeT oJHMM U3 JIBYX HaubosbmmX. [lepen
nocsieTHIM Xoj1oM [leTn Ha jtocke 4 4unciia, mpudeM 0coboe — OJIHO U3 JIBYX CAMBIX OOJIBITHIX.
[Terst ckiapiBaeT 51 ABa ducaa. OTBeTHBIM X010M Bacst b0 ¢I0:KUT ABa HAUMEHBITNX UNC-
J1a, 1100 yBem4anT ocoboe. B oboux ciydasdx ocoboe ducsio 60JbIe JIPyroro 9ucsa, KpaTrHoro
8, mosToMy He geautcs Ha Hero. Ilo momusam H. Yepnamwvesa, A. Illanosanros

3amevanue. AsropuTM paboraer Jijist JIF0OOro 9eTHOIO UHC/Ia KpoMe CTereHeil IBOKM.

33. (10) Touku P u @ na cropone AB Bbiyk/oro derbipexyroibiuka ABC D TakoBbl, 4T0
AP = @B. Touka X — oryinanasi or [ ToUKa nepecedeHusl OIMUCAHHBIX OKPYKHOCTEH Tpe-

yroapankoB APD n DQB, a touka Y — orindnag ot C' TouKa IepecevdeHust OIMUCAHHBIX



okpyxkHOCTeit TpeyroibankoB ACP n QC B. Jlokaxkure, aro Toukn C, D, X n'Y jexar Ha
OJIHOIT OKPYZKHOCTH.

Pewenue. 3amernm, aro DX — pajukajibHas OCb OKPYKHOCTE, ONNCAHHBIX BOKPYI Tpe-
yrobaukoB ADP u QDB. Ilycts K — mouka nepeceuernnst DX u AB (cm. puc. B). Tak
Kak K jiexxnT Ha pajgukaibHoit ocu, 3Haunt KP - KA = KQ - KB. 910 o3Hadaer (B cuiy
yesoBus ), ato K — cepennna orpeska AB. Anasorudaso, noaydaem, aro C'Y ToxKe MpoXouT
yepes K. Cnenosarenvio, KX - KD =KP-KA=KQ-KB=KY - KC, 1aro u o3Ha4aer,

qTOo Tpe6yeMbIe TOYKH JiezKaT Ha OILHOﬁ OKPY2KHOCTH.

34. (12) B y3yax npaBubHOrO MECTHYTOJBHUKA, Pa3bUTOro Ha IPABUJIbHBIE TPEYTOJIbLHUKIN
(em. pue. @) paccraBunn HaTypasbhble qdncia ot 1 mo 37. Bymem Ha3biBaTh TPEYroJHHUK
TOPOWUM, €CJIN HAITPaBJICHIE 00X0/1a €ro BEPIINH OT MEHBIIIEro Ync/Ia K O0JIbIIEMY 110 9acoBOii
crpesike. Jlokazkure, 9T0 1pH JIFOOOI paccTaHOBKE XOPOIINX TPEYTOJbHUKOB He MeHbIie 19.

Pewenue. PackpacuM TPeyroJbHUKH B YepHBI 1 Oesiblil I[BET B IIAXMATHOM IIOPSIKE, & Ha
BCEX IIPOBEJIEHHBIX OTPE3KaX BBeIeM KAHOHUYECKYIO0 OPUEHTAIUI0 — TaKyI0, KOTOpas 00XO/IUT,
HAIIPUMED, YepHbIe TPEYTOJILHUKI 110 YaCOBOIl cTpesike. Terneph Ha KarkKI0M OTPe3Ke Pa3sOneHmst
IIOCTABUM CTPEJIKY OT MEHBIIIEro 4rc/ia K OOJIbIIEMY U COTPEM BCE OTPE3KU, OPUEHTAIINsT KOTO-
PBIX HE COBIIaJIa ¢ KAaHOHMYeCKoii. Toraa opueHTalus TpeyrojabHIKa, OIIPeIesIsieTCsI ero IIBETOM
1 KOJINYECTBOM He CTePTBhIX Y Hero cTopoH. Ilycrs umeercst a u 18 — a OeJibIX TPeyroJIbHUKOB
pasHbIX opueHTauilt 1 b u 18 — b YepHBIX TPEYTrOJbHUKOB COOTBETCTBYIOIIUX OPHEHTAIMI.
[IycTb niepBast oOpreHTalsl XapaKTepu3yeTcs ABYyMsl HECTePThIMEI pedpaMi y OeJIbIX TPeyTroJib-
HUKOB I OJHUM HECTEPTHIM PeOPOM y U€PHOI'O TPEYTrOJbHUKA, & BTOpasl OPHEHTAISI — HA000-
pot. Obtiiee KosmaecTBO pebep y Gesbix TpeyroabHuKoB Torjaa 2a + (27 —a) = a + 27, a'y
YEPHBIX TPEYTOJBHUKOB 0011ee KOMIeCTBO KoJimaecTBo pebep b + 2(27 — b) = 54 — b. Ilycrb

0Ka3as10Ch, 4To a+b < 19, Torga (54—b)—(a+27) = 27— (a+b) > 9. Ho pebpa, npunayexa-

C

| |
AP K Q! B

Puc. 8: K zazaue B3]



e TOJIbKO TPEYTOJILHUKAM OJTHOTO I[BETa — 3TO TOJILKO pedpa Ha rpaHulle — X PoBHO 9, TO
€CTh B 9TOM HEPABEHCTBE BO3MOYKHO TOJILKO PABEHCTBO U TO, TOJILKO B CJIydae, ecjin pedpa dep-
HBIX TPEyTOJBHUKOB Ha TPAHMUIIE BCE PUCYTCTBYIOT (TO €CTh OPUEHTUPOBAHBI KAHOHUIECKH ),
a pebpa OeJIbIX TPEeyroJIbHUKOB Ha IPAHUIE BCE OTCYTCTBYIOT, TO €CTh He OPHEHTHPOBaHbI Ka-
Honndecku. Ho 9To OyneT o3Ha9aTh, YTO TPAHUIA MECTUYTOJILHIKA OPUEHTIPOBAHA 110 K.Y,

9TO HEBO3MO2KHO, TaK KaK YHCJla Ha I'PaHHIe HE MOI'YT TOJIbKO BO3pacCTaTb.

Crapniag jaura

35. (3) Pemure cucremy ypaBaeHuit B AefiCTBUTEIbHBIX THCIAX:

a4+ b =2c, 1+a®=2ac, c=ab.

Pewerue: JToMHOXKIM TIOCTIE/IHEE YPABHEHNE HA 2, CJIOZKUM BCE YPABHEHUsI U [IEPEHECeM BCe B
JeBy1o yacThb. Byunem umers: (a —b)?+ (a —c¢)? + (c—1)? = 0. Orcrona, umeem a = b = c = 1,

9TO U fABJIZAETCA €AMHCTBEHHBIM DEIICHUEM.

36. (4) Knerku kBajgpara 50 x 50 mokpaiesbl B 50 MBETOB, IPUYEM KJIETOK KayKJIOTO I[BETA
posro 50. [lokaxkure, 4To Haiijercs JiuHus (CTPOKA WM CTOJIOEIL), cojlepzKalias KJIeTKH He
MeHee 4eM 8 Pa3HbBIX I[BETOB.

Pewenue. Joxazkem 6ostee obiee yrepaxenne: eciin N = n? + 1 u xiaerkn ksajgpara N x N
nokpariesbl B N [[BETOB, MPUYEM KJIETOK BCEX IIBETOB MOPOBHY, TO HANIETC Psifl (CTPOKA MK
cTosiber]) B KOTOPOM BCTPEUalOTCsT KJIeTKH X0Ts Obl 1 4 1 1sera. [Ipe/monokum mpoTuBHOE,
IIyCTh B KarKJIOM PsiJly BCTpedaloTCsl KJIeTKU He OoJiee, 1eM n 1BeToB. PaccMoTpum k-blil 11BeT.
[IycTb KileTKu k-ro mpBeTa BCTPedaroTcs B ¢ cToJ0IaX U 7 crpokax. Toraa Bce KJI€TKH 9TOrO
I[BETa MOI'YT BCTPEUATHCsI TOJIHLKO Ha MEPECeUEHUsIX ITUX CTPOKU U CTOJIOOB, 1, 3HAUNT, N <
TECr < %L(Tk +¢)?, orkyaa (rp +cx)? = 4N, 1o ecThb 74 + ¢ = V4n? + 4, 4T0 B CBOIO OUEpeIb,

Puc. 9: K zazaue 341



o3HAuAET, YTO 1t + ¢ = 2n + 1. CyMmupyst, moaydaen, 910 S, (1 + ¢x) = N(2n +1).

C spyroii CTOpOHBI MyCTh B KaXKJOM Dsijly BCTpedaeTcss He GoJiblie n 11BeToB. Beero psjios
2N, 1, 3HAUUT, KOJMIeCTBO Hap (IBET, PsJl) TAKUX, YTO 1BET BCTPEYAETCS B JIAHHOM Dsijly He
Gosibiiie, yem 2Nn. OjHAKO 9Ta CyMMa B TOYHOCTU DaBHA OIEHEHHOH BBIIIE, YTO U SIBJIAETCSI

IIPOTUBOPEINEM.

37. (6) CkoJIbKO pelieHnii B HATYPAJTBHBIX YHCIaX MPU JAHHOM HATYDAJbHOM 7 UMECT ypaB-
nenne 3x2 + by? = 217

Omeem: uu onHoro nipu n = 1 uw npu yetnoM n u k jasg n = 2k+1 upu k > 1. Pewenue. [Ipn
YETHBIX N HeT pemntennii mo moaymio 3. [lyets n = 2k 41, k > 1. /lokaxkeMm, 9TO CyIIecTByeT U
eJIMHCTBEHHO HEYETHOE pellieHue (TO eCTh Takoe, YTO & HeYeTHO) — ITOro OyjIeT J0CTATOYHO,
IIOCKOJTbKY KayK]l0e pelieHne COKpaIaeTcs 10 €JIMHCTBEHHOIO0 HEYETHOTO ITPU KAKOM-TO MEHb-
meM k. 3aMeTHM, U4TO HEYEeTHBIX pereHnil ypasHeHns 32 + 5y?> = M CTOJIBKO Ke, CKOJIBKO
HEYETHBIX pelleHuit ypaBHeHI/IH w? + 15y> = 3M (Hay0 B3aTH W = 3x). [okaxkem, 910 1pn
HeueTHOM 71 > 3 ypasnenue w? + 15y = 3 - 2" umeer ejuncrsennoe pertenne. NHayKnns mo
n. baza n = 3 nousgrHa. Ilyctb n > 5 1 Aj11 n — 2 BMECTO N CyLIECTBOBaHUE U €IMHCTBEH-
HOCTh HEUYETHOI'O pemieHus rnposeperbl. CHavasa MpOBEPUM cyllecTBoBaHue st n. [lycThb

a®+15b% = 3-2"2 ¢ mevernnivu a, b. Torna (a£15b)2 +15(aFb)? = 16(a® + 15b%) = 3272,

a—|—15b a—b a— 15b a+b
2 2 2

u3 1map oba 4uc/a HedeTHBI, ee U BO3bMeM. Terepb J0KarKeM eJIMHCTBEHHOCTb. HOKa}KeM, 4TO

Tak 4TO B Ka4ecTBe pereHnst MOyKHO ToIpodoBaTh B3ATh (4522, 42 mwin ( 222). B oxnoii

Joboe HevyerHoe pemienue (¢, d) ypapenust ¢+ 15d? = 32" 110J1y4eHO yKa3aHHbIM BbIIIE CIIO-

a+15b _ a=b
2 ’d_ 2 -

Bamerum, uto (¢ — d)(c+d) = 2 — d? = 3 - 2" — 16d? nesmrca na 16, HO He Ha 32, TaK uYTO

cobom. To ectp naiiayTes nederHble (ne obs3aTesbuble) a, b Takue, 4ro £¢ =

ojiHO U3 unces ¢ — d, ¢ + d peqmres wa 8, HO He Ha 16. Ecmu 910 ¢ — d (nHade 3ameHnM ¢ Ha

—c), 10 6epem b = (¢ — d)/8, a = b+ 2b = (c + 15d) /8.

38. (6) Orpesok AL — 6uccekrpuca Tpeyronbiuka ABC, I} u Iy — HEHTPbI OKPYKHOCTEI,
BrncanubiX B Tpeyronbnkn ABL u ACL coorsercrenno. [Ipsamast [1 15 epecekaer CTOPOHBI
AB u AC B toukax Cy u By coorBercrBenno. okazkure, uro npsambie BB, CCy u AL
[epeceKaroTcsd B OJHOI TOYKE.

Pewenue. Ilycrs npsamast I115 nepecekaer cropony BC' B Touke P, a npsamvbie Al u Al 1ie-

pecekator croporny BC' B Toukax X u Y coorBerctBerto (cwm. puc. [I0). Hamumem teopemy

Menenast a5t Tpeyroabanka AXY': & XL X—{i = 1. Tak xkak LI} u LIy — OUCCEeKTPUCHI

yrimos ALX n ALY COOTBeTCTBeHHO, TO MbI UMEEM II0 CBOHCTBY OUCCEKTPUCHI: }42—[13 = f—é
XI

A= %. [TosicTaBysgs 9T0 B HAMCAHHOE BBIIIE PABEHCTBO W3 TeopeMbl Menenas, Oyjiem

nvers +& = Y PXP. Tak kak AL Takxe siBistercs: ouccektpucoit Tpeyrosbinka AXY Mbl

LX
YL _ AY
3HAEM, UTO 7§ = 7y,

pasaOM oTHOIIeHno ctopod AX n AY Tpeyroisunka AXY . Ho 910 o3nauaer, aro Touka P —

u

TO ecTh To4Ka P jiesinT orpe3ok XY BHENIHUM 00pa30M B OTHOIIEHUH,

OCHOBaHIe BHemHeﬁ ouccexkTpucol Tpeyronbanka AXY | a, sHaunt, n rpeyrospauka ABC, To

cP _ CA _

5 = b0 = HpI/IMeHHH rerephb Teopemy Menenas K TpeyronbHuKy ABC MBI 10JTy-

eCThb



AC,  BP  CB
CiB PC BijA

ycjioBre TeopeMbl UeBbl Jijisd Todek By, C1 u L, 910 1 jIoKa3biBaeT Tpedyemoe.

UM, 9TO = 1. HOLLCT&BJ]HH CI0Zla OTME€YCHHOE BbIIIE PaBEHCTBO, MbI 1IOJIyY9a€M

39. (7) Han kpyr mwromayn 1. Jns muoxkectBa A B Kpyre n guamerpa d 9Toro Kpyra 00o-
sHaanM Ay MHOXKecTBO, cuMmMerpudHoe A orHocuTenbHO d. CylecrByer Jin MHOXKeCTBO A
wiomau 1/2 B kpyre Takoe, 4ro nepecederue A N Ay umeer miomaib, pasayto 1/4, s
Jiodoro juamerpa d?

Omeem: cymecTByeT. Pewenue. paceMOTpUM KoHIeHTpudecknii kpyr D mromazan 1 /2 u jo-
noJtHstIoNee ero Kosbio D?. Pacemorpum muoxectsa A', A%, nexxamue B D' Hike ocu abc-
myce 1 cootsercTBenHo B D? mpasee ocn opaunat (em. puc. [IT)). JlokazkeM, 4T0 MHOMKECTBO
A = AU A? uckomoe. Bamernm, uto mMHOKecTBO A% N Ay mmeer st moGoro gnamerpa d
TAKyIO Ke oMb, uro u AL, N Ay, rie d — muamerp, nepnenukyngapusiii d (310 cranoBuTcs
sicabIM 11pu ioBopoTe Ha 90 rpajycos). Ho Sy = —Sy misa cummerpuit Sy, Sy OTHOCUTETHHO
nuamerpos d, d', mosromy Al u Al cocrapnstior pazbuenne kpyra D! na asa gonosmsronmx

JIpYyT JIpyTa MOJyKPYTa, OTKY/a cpasy MmoaydaeM Tpedyemoe.

40. (7) Jansr qucia a, b, ¢ u3 orpeska [1,2]. Jlokakure HEpaBEHCTBO

1 1 1 3
< .
1+a+b2+1+b+02+1+c—|—a2 a+b+c

Pewenue. PacemorpuM pasnocTb

1 B 1 (=1 =0bdb-1))
l+a+0® a+b+c (a+b+c)(l+a+b2)
c—1 b(b—1)

(a+b+c)1+a+0) (a+b+e)(l+a+b?)
[Tokazkem Temepb, 9TO cCyMMa TaKMX BblparkeHne oTpunareabHas. s sToro crpynmnmpyem

JBa CcIaraeMbiX, cojepzaimux (¢ — 1) B uncimresne. Byaem mvers:

c—1 1 c
a+b+c\l+a+b> 1+b+c2)°

A

B

L Y C

Puc. 10: K 3zagade B8



[Tokazkem, 9TO 1OC/IE/IHEE BBIpasKeHe OTpHUIaTe/1bHO. JJIs 9TOro J0CTaTovHO JI0KA3aTh, ITO
1+b+c? < c+ca+cb?. Seno, 9To 1pH yMenbIeHny a n b paBas JacTh yMeHbIIaeTcs 6oJIbITe,
YeM JieBas, II03TOMY JIOCTATOYHO JIOKA3bIBATH 3TO HepaBeHCTBo 1pu a = b = 1. B arom ciiygaem
MBI IMeeM HepaBeHeTBo ¢+ 2 < 3¢, 4To paBHOCHILHO HepasencTsy (c—1)(c—2) < 0, koTopoe

OYEBU/IHO B CUJIYy YCJIOBHUIA.

41. (8) Haiire Bce dbyuxmuu f: [0, 400) — R Taxue, aro f(z+ f(x)+2y) = f(22)+2f(y)
IPU BCEX HEOTPHIATENIbHBIX X, i U ypaBHenue f(x) = 0 mMeeT KoHeIHOE (BO3MOYKHO, HYJIEBOE)
KOJINYECTBO PEeIIeHUI].

Omeem: f(x) = x. Pewenue. [onoxxum c(x) = f(x) — x. Bamernm, aro eciu ¢(z) < 0, 10
nojcTaBiisisg y = —c(x) /2 nonyuaem f(y) = 0. Takum obpaszom, GyHKINS ¢ TPUHIMAET KOHEU-
HOE YHCJIO OTPUIATE/IbHBIX 3HaueHuii. [lepenucbiBasi ypasHenust B TepmuHax ¢(-) mojydaem
c(x) +c(2x + 2y + c(x)) = ¢(22) 4+ 2¢(y). Ecam dyuxnuns ¢ npunnMaer KOHETHOE, HO HEHYJTIe-
BOE MHOYKECTBO OTPHIATEIbHBIX 3HAUEHHI, TO paccMOTpuUM HauMenbiiee u3 vux —M = f(a)
1 nofcrasuM y = 2¢ = a. [lonyanm —3M = c(x) + (22 +2y+c(x)) > —2M, nuporusopetne.
Taxum obpaszom, ¢(x) = 0 npu Beex x. [lpu x = 0 nmoayuaem ¢(2y + A) = 2¢(y), rme A = ¢(0).
Badurcupyem x > A/2 u BeIOEpeM mpomsBobHOE 2z > A, Torma nosmaras y = (z — A)/2
noayanm c(z + (2x + c(x) — A)) = c(2) + (c(22) — ¢(x)). Oboznatnm c(2x) — c(z) = V,
20 4+ c(x) = A > 0. Torna c(z + U) = c¢(2) + V mpu z > A, orkyzna c(z + nU) = c(z) + nV
IPU HATYPAJIbHBIX 1, 1 nojydaeM V > 0 (Tak kak GyHKIUS ¢ He IPUHIMAET OTPHUIATE/IbHBIX
snadenuii). Hamma nesb nmokasars, uro V' = 0. Ilpu U = 0 s1o nousitro. Ilycrs U > 0. Tloso-
®Kum t, = z+nU, rorna c(t,) = M, +a, tne A =V/U, a = ¢(z) — \z. [Lns Beex 1octaToqHo

OosIbINNX t BRIOEPEM MakcuMa/bHOoe n Takoe, 4To t —nl > A, Torma MOXKHO OYIeT MOJI0KUTh

Puc. 11: K 3azaue B9



z =t —nU u vpt nosryanm ¢(t) = c(z +nU) =2 nV = nU 2 ANt — A —u) = M+ K nia
HekoTopoit KoHctaHThl K. Tereps 3adukcupyem y = 0 u nojoxkum 2z = t,, Ipu O6OJBIIOM 7Nn.
[ostyuunm B npasoit uactu M, +a+c(A), a B nesoit He Menbiue, dyeM (A/2+ A+ A?)t, + const.
Takoe ObIBaeT mpH Bcex n ToabKO Korjga A = 0, To ectb V = 0, T0 ectb ¢(22) = c(x) npn
x> A/2. Orciona ¢(A) = c(2A) = ¢(2- A/2 + A) = 2¢(A/2) = 2¢(A), 10 ectb ¢(A) = 0.
Torma A =2¢(0) =¢(2-0+ A) = ¢(A) = 0. Uraxk, ¢(2y) = 2¢(y) nupu Beex y u ¢(2y) = c(y)

npu y > A/2. Orcroga jierko criejyer, 9to ¢(y) = 0 npu Beex ¥y, 9To u TpebOBAIOChH JOKA3aTh.

42. (9) au tpeyrosbiuk ABC u KOHIEHTpUYECKHE OKPYKHOCTH Wy, W, C HEHTpoM B A.
[TpousBoJIbHBIN JIyd, BBIXOsIMIT 13 A, mepecekaer 3t oKpyzkHoctu B Toukax B’ u C' co-
orsercreenno. Cepeunnble nepnenauKkysapbl K orpeskam BB u C'C’ nepecekaiorcst B TOYKe
X. Jlokaxkure, 910 TOYKH X, MOCTPOEHHbIE TAKIM 0OPA30M JIJIsi BCEX JIydeil, BHIXOMISIINX U3
A, Jexkar Ha OJHOI HMPSIMOI.

Pewenue. Obo3HATIM PaInyChl Wy, W, 9€pe3 U U ¥ COOTBETCTBEHHO. BBegeM BpeMeHHO Ha OCH
AB'C’ xoopaunary Tak, uro A = 0, B’ = u, C! = v. [lycrs npoexius Toukun X Ha 3Ty 0Cb
nmeer koopaunaty x. Umeem XB? — XA? = (x —u)? — 22, XO? — XA? = (v —v)? — 22,

Tak 9ITo
v(XB? — XA?) —u(XC? — XA?) = v(XB”? — XA?) —u(XC? — XA?) = uv(u — v).

Ho neBag vacTb ecTh uneiinasg GyHKIUS OT JIEKAPTOBLIX KOOPJNHAT TOUYKH X , ITPUYEM HEIO-
cTostHHAsT (YMEHBITaeMoe He MEHSIeTCsI, Korja X JIBUKETCsI TepreHinKy/aspHo AB, a Bbranrta-
emoe — Koryia neprenukysasipao AC). Takum obpazom, Bece To9KN X yJIOBIETBOPSIOT OJHOMY

1 TOMY K€ JINHEHTHOMY yPaBHEHUIO, II03TOMY JiexKaT Ha OJHON MPAMOIL.

43. (10) Ilycte By — KOIMYECTBO CHOCOOOB PasbUTh k-3JEMEHTHOE MHOXKECTBO Ha HEIyCTHIC
o MHOXKecTBa, (Hanpumep, By = 5, moromy uro muoxkectBo {1,2,3} umeer 5 pasbuennii:
(123), (1,2,3), (12,3), (13,2), (1,23)). Jokaxkure, 4To ecju p — MPOCTOE YUCIO, & k — HATy-
paJsibHoe, T0 By w1 — Bj, Jesinred na p.

Pewenue. Bece paBencTBa cyTh CpaBHEHUs IO MOYJIIO P.

Jlemma 1. Byy, = Byy1 + By upn Beex k. /loxasameavcmeo. Pacemorpum muoxkectso M
MOIITHOCTH Kk + P W BBIJAECJNUM B HEM MHOYKECTBO S U3 P 3JIEMEHTOB, KOTOPBIE PACIIOJIOKIM B
BepIIMHAX IIPABUIBHOTO P-yrojibHuKa. Karkjaoe MHOKecTBO u3 pasbuenust M mpejcraBuM B
sugie A; N By, rie A; cojiep:KuT HeBblIe/IeHHbIe JIeMeHTh, a B; Bbiiesennbie (A; win B; Mo-
KeT ObITh 1ycThiM). Jist Kaxkroro moBopora R, mepeBojsiero S B cedst, paCCMOTPUM HOBOE
pasbuenne M na muoxectsa A; N R(B;). Takum obpasom, Bce pasbuennst M pa3oObiOTCs Ha
HaOOPHI 110 p pa3dUeHuil, KpoMe:

(1) rex pasbuenuii, 111 KOTOPLIX OJIHO U3 B; coBmnaaer ¢ S, a ocrajabHble B; MyCTHI; I

(2) rex pasbuenuii, jJst KOTOPBIX KAXKJIbIH 976eMeHT S eCTh OTJEIbHOe MHOYKECTBO B pasbue-
HITI.

Paszbuenuii Broporo tuia, odeBujiHoO, By, a mepBoro — Bji1 (Bce S MOXKHO paccMaTpuBaTh



KAK OJIUH HOBBIil 3JIEMEHT).

Jlemma 2. Ecm f(k+ M) = f(k+ 1)+ f(k) upu Bcex k mist Hekoropoit dbysxiwmn f, meii-
CTBYIOINIE} U3 HATYPATBHBIX YHCET B OCTATKU 110 Moyio p, 1o f(k+ Mp) = f(k)+ f(k+p).
Hoxasamenrvcmeso. Umeewm f(k+2M) = f(k+M)+f(k+M+1) = f(k)+2f(k+1)+ f(k+2),
f(k+3M) = f(k+2M)+ f(k+2M +1) = f(k)+3f(k+1)+3f(k+2)+ f(k+3),
1 Tak jiajee Oyjem nosydarb KoadbduinenTsl u3 Tpeyrojbunka Ilackass, pist f(k + pM) =
f(k)+pf(k+ 1)—|—p(pT_1)f(k—|—2)—|—. —+pf(k+p—1)+ f(k+p). [lockonbKy Bce OUHOMHIAIBHbBIE
KO3 DUIMeHTHI C’; g ¢t =1,2,...,p— 1 KpaTHBI p, oJydaeM TpedyeMoe.

Jlemma 3. Bips = Bpy1 + sBp npu 1 < s < p. Jlokasameavcmeo. Vingyknua no s. basa
s = 1 nposepena B nemme 1. Ilepexon ot s < p x s + 1. Homoxum f(k) = By/s*. Tlo maoi
Teopeme Pepma umeem s? = s, s¥ = § IpU HATYDPAJIBHBIX i, TAK UTO COKPAIIAS JAHHOE B
yenosun ypastenne na sPT nonyuum f(k + p*) = f(k+ 1) + f(k). To nemme 2 noydaem
flk+p**h) = f(k) + f(k + p), To ecTp

Bk+ps+1 = sB; + Bker = (8 + 1)Bk + Bri1,

qTo 1 TpeboBasock. Ocraioch MOJIOXKUTH S = P B JIeMMe 3.

Perara

Muaamimnaga jgura

Asrebpa u Teopusd 4umcesa

44. Pemure cucremy ypaBuenuit  + yz =y + 2z = 2 + xy = 6.

Omeem: (2,2,2), (—=3,—-3,-3), (1,1,5), (1,5,1), (5,1, 1). Pewenue. Ilepermrem nepsoe pa-
BEHCTBO: & — zx = Y — zy. llomyaaem (z — y)(1 — 2) = 0. AHasorndutbie pPABEHCTBA Oy IaeM
JJI IEPECTAHOBOK X, ¥, 2. SHAYNT, €CJIi XO0Td Obl JIBa U3 X, Y, z He paBHblI €AUHUIIE, TO BCE
nepeMennble paBHBL. lTora © =y =2 =2unx =y = 2z = —3. Unave cunraem x = y = 1,

TorJa 2 = 9.

45. IIpu kakoMm HaubOJIbIIEM N HAMIyTCs N 1I0C/Ie/I0BATeIbHBIX HATYPaJIbHbIX UNCeJI, YbE I1PO-
usBeeHne okananpaerca na 30007

Omeem. npu n = 5. Pewenue. 3aMeTuM, 9TO CPEJIH IIECTH 10CJIe/I0BATE/IbHBIX HATYPaJIbHbIX
YUCeJI eCTh TPH II0CJIeI0BATE/IbHBIX YeTHBIX, a 3HAUYUT IIPOU3Be/IeHre OyIeT JAeauThesd Ha 16.
Tora ono He cmoxker okandusaThes Ha 3000. S3HaunT n He 6oJibIne 5. [ITh moC/IeJ0BATEIHLHBIX

YUCEsT CYMIEeCTBYIOT, HETPY/IHO TOJICINTAaTh, 9YTO rogdaTrcs dncia ot 121 po 125. K. Knon

46. [lycrs P(x) — kBajpaTHblii TpexwieH ¢ mejibiMu KoadgduimenTaMu (1 HEHYJIEBBIM CTAp-
M Kodddurmentom) Takoii, uro P(1) = 2011 u P(2011) = 1. Moxer jin oKa3aTbCs, 9TO

P(m) = m upu HEKOTOPOM IeJIOM M7



Omeem: ner. Pewenue. Ilyers P(x) = ax® + bx + c. Torua
m — 2011 = P(m) — P(1) =a(m—1)(m+ 1)+ b(m — 1)
m — 1= P(m) — P(2011) = a(m — 2011)(m + 2011) + b(m — 2011)

[Toaywaem, aro m — 1 | m — 2011 u m — 2011 | m — 1. Orciona |m — 1| = |m — 2011|, To
ectb m = 1006. Ho sto 3maunt, aro P(1) = 2011, P(1006) = 1006 u P(2011) = 1. Takum
YCJIOBUSIM YIOBJIeTBOpsieT JjinHefinast pyuknust P(x) = 2012 — x. [Tapabosia He MoxkeT nmerhb

Tpex OOIUX TOYEK C MPAMOil, 9TO 03HAYAET, YTO 3TO HEBO3MOYKHO.

47. B xnerkax xkBajipaTa 10 X 10 paccraBmin Bce HaTypasbHble ducaa oT 1 1o 100, n Ber4anc-
JIMJIM TPOU3BEJIEHNs B KayKJIOM CTPOKe U B KaxKJ0oM cToJioie. MoxKkeT Jjin camoe OoJiblIoe u3
IIPOM3BEJIEHNIT B CTPOKE JeJUTCs Ha KayKJi0e U3 [IPOU3BeleHnil B cTo0me?

Omeem: uet. Pewenue. Pacemorpum 11 mpoersix wncert ot +/100 mo 100, manpumep: 11, 13,
17,19, 23, 29, 31, 37, 41, 43, 47. Hame «boJbi1oe» NpousBejIeHIe TOJIZKHO JIeJINTC Ha KaxK0e
13 HUX, TO €CTh KayKJI0e U3 HUX IIPUCYTCTBYET B COOTBETCTBYIOIIEH cTpoke. Tak Kak KaeTouek
B cTpoke Bcero 10, TO B 9MCJI0 B OJHOI U3 KJIETOUEK JEJIUTCS Ha JIBa U3 9TUX IpocThiX. Ho

9TO HEBO3MOYKHO, TaK KaK Takoe 4ncjo oyaer oosibire 100.

I'eomerpus

48. Touka P nexut Ha cropore BC kBagpara ABCD. Ha orpeske AP nocrponin KBajapar
APRS. Jokaxure, aro yroa RCD pasen 45°. (Bepmunbl 060oux KBaJIpaToB 3aHyMEPOBAHbI
I10 9acOBOI CTpEJIKE. )

Pewenue. Tlpogmum cropony BC 3a Touky C' m OTMETHM Ha IPOJOJIKEHUN TOUKy K Tak,
gro CK = BP (cm. puc. [[2). 3amernm, aro mbl nosryanm, aro PK = BC = AB, a xpome
toro, /BAP = /ZRPK. 3uaqut, Tpeyrojbink ABP pasen tpeyrosbunky RPK (1o jBym
cropoHaM U yriry Mexxay Humi), otkyna RK = BP = CK. To ects Tpeyronbunk RCK —

paBHOOEIPEHHBIN TTPAMOYTOJIbHBIN TPEYTOJILHIK, OTKY/Ia MoJydacM Tpedbyemoe.

49. B pasuobenpentrom tpeyroybiuke ABC (AB = AC) yron BAC pasen 40°. Touku S u
T na croponax AB u BC' coorBercrBenno TakoBbl, uro /BAT = /BCS = 10°. OTpe3kn
AT u CS nepecekatorcst B Touke P. Jlokaxkure, aro BT = 2PT.

Pewenue. 3amerum, 9T0 yIJIBI IPU OCHOBAHUU paBHOOeApeHHOro TpeyroibHuka ABC paBHbBI
70°. Torna ZSCA = 60°, u, suaunt, yron mexay CS u AT pasen 90° (cm. puc. [[3)). Ye-
teipexyroyibiuk STCA Brucanubiil (B HeM yribl omupatoiyecss Ha cropory ST paBHBI 110
VCJIOBUIO), & 3HAYUT TPeyrojbHuK ST P Toxe npsmMoyrobablil ¢ yriaamu 60° u 30°. 3uaqur,
ST = 2PT. C npyroit ¢cTOpoHBI, OIIATH 2Ke u3 Buucanxnoctu, umeem L1T'SB = /ZBCA = 70°
u /STB = Z/BAC = 40°, To ectb Tpeyroibuuk ST B — paBnobejepHHbIil. SHaunt BT =

ST = 2PT, ato n TpebOBAJIOCH JI0KA3aTh.

50. B paBnobeapennom Tpeyroabanke ABC ¢ ocnoBannem BC' nposeena duccekrpuca BD.

OxkazaJiock, uro BD + DA = BC'. Haitjure yribl Tpeyroibunka ABC.



Omeem: 40°, 40° u 100°. Pewenue. Ilyctrs ZABC = ZACB = 2a. Ormernm Ha croporne BC
Touky X — nepecedeHne onucaHHOil okpyzHocTH Tpeyroybhuka ABD ¢ BC' (cm. puc. [14).
Torna /DXC = Z/BAC = 180° — 4a, otkyna /X DC = 2a = Z/DCX. 3naunt XC = XD.
Kpome Toro, XD = AD rmak Kak Ha 3TU XOPJbl OMUPAIOTCS paBHbIE YIUIbl (Tak Kak BD —
onccekTpuca). 3HAUUT, U3 YCJIOBUsI MbI TIojtydaeM, uro BD = BX | u, 3HAYUT B TPeyroJbHIKe
BDX yroJ npu BepiinHe paBeH «, a yIJbl Ipo ocHoBauuu — 4a. Orcioga o = 20°, oTKyIa

yriaa Tpeyroibauka ABC — 40°, 40° u 100°.

51. Ha cmexxubie croponbl a u b mapasuiensorpamma A BC' D onyimneHbl COOTBETCTBEHHO BBICOTEI
he 1 hy. 3BectHo, uto a + h, = b+ hy. Pacecmorpum orpesku AB, AC, AD, BC, BD, CD.

A B

R K

Puc. 12: K 3aytaue A8

Puc. 13: K 3aage 49



Kaxkoe nanboJibIiiee KOJUIECTBO PA3IUIHBIX MOXKET OBITH CpeJjii HUX?
Omeem: Tpu orpeska. Pewenue. Cm. puc. I3 3amerum, uro ah, = bhy, 0TKy1a 1 13 yCJIOBUS
3aj1a4u (coryiacHo Teopeme Buera) mveem 6o a = b u Torjia 910 poMm6, 160 a = hy, 1 Tora

9TO IPAMOYT'OJIbHUK. B I[IEPBOM CJiyda€ COBIIaAYT JIBE CTOPOHDBI, & BO BTOPOM — JIB€ JINal'OHaJIN.

KomMmbunaTopuka

52. Jlokaxkute, uTo KBajipaT 16 X 16 MOKHO pa3pe3aTh Ha MPAMOYTOJILHUKN 1 X 4 Tak, YTOOBI
HUKAKOIl y3eJl pelleTKN He TPpUHaJIIeKal YeTbipeM IPIMOYTOJIbHIKAM pa3pe3aHus.

Pewenue. Cum. pucynok [I6]

53. JIBoe UTPOKOB 110 0YEpe/IN IMPOBOJSAT KpPacHble U CUHKE IIPAMbIC Ha IIJIOCKOCTH, TaK, YTOOBI
OHM HE IPOXOJMJIM Yepe3 TOUYKHU [epeceueHns APYIUX MPAMbIX U He ObLIN UM TapaJsiie/bHbI.
[Ipu 5TOM KaxKJbIil HI'POK Ha KarKJOM XOJy BbIOMpaeT, OyJeT IpOBe/leHHast UM IIpsiMas Kpac-
HOIT mym cuneii. Mrpa 3akaHdmBaeTcst, Korjua oda urpoxa mnposeayT 1o 20 npambix. Bropoii
crapaeTcs cJejaTh KaK MOXKHO OOJIbINE TOYeK, TJie TepPeceKaroTcs MpsiMble Pa3HOro IIBeTa,
1epBbIil eMy MerraeT. Kaxkoro HanbOJIbIIEro KOJMIeCTBa TaKUX TOYEK MOXKET rapaHTHPOBAHHO
I00UTHCST BTOPOii?

Omeem. 400. Pewenue. IIycTh CMHIX TPSIMBIX HOJYYUJIOCH @, 8 KpacHbIX b. «Pa3HorBeTHBIX>

nepecedeHuii noayuunsoch posro ab. Torga 4ab < 4ab— (a+b)* 4+ 1600 = —(a — b)* + 1600 <

A

Puc. 14: K 3amaue L0

L]

Puc. 15: K 3asage B



1600, To ectb ab < 400. 400 nocTuraercs, Korjia KpacHbIX 1 CUHUX HpsiMbIX 110 10. Ha kazk1yio

CUHIOIO MPSIMYIO COTIEPHUKA BTOPOI MOXKET ITPOBECTU KPACHYIO, 1 HA00OPOT.

54. Ectp 100 ouHaKOBBIX ¢ BUAY MoHeT. M3BecTHO, 4TO cpeayu HUX POBHO 4 (basbIINBBIX,
KOTOPBIE BECST OJMHAKOBO, HO Jierde HACTOSIINX. Kak HaiiTh 3a 2 B3BENINBaHUST Ha JallledIHbIX
Becax 6e3 rupb xoTst Obl 13 HacTOSIIIX !

Pewenue. Knanem na gamm 1o 29 moner. [1pu HepaBeHcTBe B TsI2KeJI0i I'pyiiie He 6ojiee 0HOi
dasbimmBoit MoHerwl. Kiagem u3 Hee 1o 14 MoHeT Ha Jaliy, B OoJjiee TszKe10il — Bce HACTOsI-
1Iye, pu paBeHcTBe: Bee 28 — HacTtosdnme. IIpn paBeHcTBe B NIEPBBIl pa3 cpejin OCTaBIINXCS
42 moner YeTHOE YuCI0 (asbiuBbix. JJobaBuMm K ojiHOI yarie 13 MOHET ¢ JIpyroil u cpaBHU-
BaeM ¢ 42 moHeraMu. Ternepb Ha Becax He MeHee 2 (paJibIUBBIX. [Ipu paBeHCTBE Ha 00ENX 110
2 dasbimmBbie, 3HAYUT, ocTapiecs 16 — Hactosume. Ecin jierde 42 MoHeTbI, TO TaMm Jinbo 4
dasbimmBeie, 00 JBe. B 0boux ciydasx nepesoxkenuble 13 — Hacrosiue. Ecian 42 MmoHeTb

TsvKesiee, TO 3TO 42 HacTosdIIne.

55. Ha ocTpoBe KUBYT TOJILKO JIZKellbl (BCerjia JIryT) U pelliapu (Beerja roBopsT npasiy ). Ha
BOIPOC « UETHO JIM YUCIO PhIapeit, ¢ KOTOPLIMU Bbl IPYKUTE?» KaxKblil oTBeTUI «HeT». Ha
BOIPOC «YETHO JIM YMCIIO JIZKEIOB, ¢ KOTOPLIMU Bbl HE JIPYXKUTE?» KAXKIBIH OTBETUI «Ja».
YérHo min HeIETHO unc/io kutejei ocrposa’ ([pykba Blanmua.)

Omeem. HérHo. Pewenue. Kaxkiblii pblllapb APYKUT ¢ HEUETHBIM YKCJIOM pbIapeil, CJiej1o-
BATEJILHO, PhIapeil Becero 9éTHo (10 JieMMe O PYKOMoXKaTusX ). Kazkaplii JoKer He JApYKUT ¢

HEYETHBIM YHMCJIOM JIZKEIIOB, CJICJIOBATEIbHO, JIZKCIIOB BCEIO YETHO.

Puc. 16: K 3amaue L2



Crapias jmra

Anrebpa m Teopusi dmceJI

56. Pemmnre ypasuenue B JIeHCTBUTEILHBIX YHCIAX: T4/Y — 1 + yv/x — 1 = zy.

Omeem: x = 2, y = 2. Pewenue. Paznenum na zy: \/1/y — 1/y? + \/1/z — 1/2? = 1. Tax
Kax 2z — 22 < 1/4, 10 \/1/y — 1/y* < 1/2, upnuém paBencTBo JOCTHTATCS TOIHKO TIPH Y = 2.
Anayiormaso x = 2.

57. Jlano HarypasbHoe uncio k > 1. Eciu a, b, ¢ Harypasibable uncia u a jgeaut b¥, b gesur

Ck, C JeJInT CLk

, IPU KaKOM HanmMmeHbllieM 1. = n(k) MOXKHO yTBepK/JaTh HaBepHsiKa, 4To abc
nemut (a4 b+ ¢)"?
Omeem: n(k) = k*+k+ 1. Pewenue. ITycTh p — HEKOTOPbIi IPOCTOE YUC/I0, KOTOPOE BXOJIUT
B a, b, ¢ coorBeTcTBeHHO B crenenax «, 3, v. Torna a < kB, B < kv, v < ka. Orcroua
noyuaeM o < k2. Bes orpanmdenns obIMHOCTH cunmTaeM, 9To 7 He 6osbiie o u 3. Torna p
BXOJUT B @ + b + ¢ XoTs1 Obl B cTenenn v, a B abc BXoguT B crenenu ne 6onee (k* + k + 1).
CrenoBaresbHo, noctatouno n = k% + k + 1. Onenky cHusy gaér Habop a = 2’“2, b = 2%
c=2.
58. HaiiguTe Bce meficTBUTENbHBIE (v, JJIsT KOTOPBIX CUCTEMa YpaBHEHNI
a’ b 3

b+cta ctata a+bta
MMeeT pellleHne B Pas3/InuHbIX JIefiCTBUTEIbHBIX a, b, ¢ u3 [—1;1].
Omeem: a € (—1/3,1/3)\ {0}. Tlonozkum o+ a +b+c=s, a®/(b+ c+ ) = p. sIcno, uro

p # 0, unaue 661710 661 @ = b = ¢ = 0. Tak uro abc # 0. Yucna a, b, ¢ cyTh KOpHU MHOI'OUJIEHA

f(z) =2 + pr — ps = 0.

[To reopeme Buera a + b+ ¢ = 0, Tak aro « = s = (ps)/p = abc/(ab + be + ac), o # 0 u
at'=1/a+1/b+1/c. Ecan, nanpumep, a,b >0, c=—a—b< 0,70 a+b < 1ua ! moxer
IPUHUMATD JIE0Oble 3HavYeHust, kKakue npunumaer 1/a + 1/b — 1/(a + b) npu 3TuX yeaoBusix
(mocrarouno B3ATH p = ab+bc+ac, Besb Teopema Bueta pabotaer B 06e CTOPOHBI ). 3amnuchbiBast
510 BhIpazkenue B Buje 1/a-+a/(ba+b?) Buanm, uTo oHo yobIBaeT 10 b, TaK 4TO MUHUMAJILHOTO
sHaueHns npuxnMaer npu b = 1 — a, korja pasno 1/ab— 1= 1/(a —a?) — 1 > 3, pasencrso
npu a = b = 1/2. Ho paBuble 3Hauenns a 1 b 6paTh Hesb3sd, TaK 4TO Q' IPUHUMAET Bce
3HaYeHusd, OoJiblne 3. AHajgorndno, Koria a,b < 0, mojydaem Bce 3HaYEHUsI, MEHbIIIE 3.

59. Pemmre B IpOCTBIX 4nciaax ypasHeHue p? + pq + ¢ = r2.

Omeem:p=3,q=5,r=Tump=>5,q=3,r ="7. Pewenue. [Ipeobpasyem 310 BeIparkeHme
k suiy (p+q)* —r? = pq. Orciona sicuo, uro (p+q+7)(p+q—7) = pq. Tak Kak p+q+7 > p
up+q-+7r > q, To Mbl IOJlydaeM, 910 p+q+1r = pqgu p+ g —r = 1. CkaajbiBasg mMeeM:
20+ 2q = pqg+ 1, orxyna (p — 2)(q — 2) = 3, orkyna p = 5, ¢ = 3 win Haobopor. B obonx

ClIydadxX UMEEM TI" = 7.



I'eomeTpus

60. B npasuibnoii upamuge ABCDS (S — sepmuna) jgimHa AS passa 1, a yron ASB
paser 30°. Haiigure mnmny kpardaiimero mytn u3 B A B A, mepecekaroriero Bce OOKOBBIE
pédpa, Kpome AS.

Omesem: /3. Pewenue. TlocTponM passépTKy GOKOBBIX Tpareil B mectnyroansiuk SABC DA’

(em. puc. [IT7). Kparuaitimmit myts coorserctByer orpesky AA'. Ero gymna pasua /1 + 1 — 2 cos 12

V3.
61. B gerwipéxyronbauke ABCD ¢ yrnavu ZA = 60°, /B = 90°, ZC' = 120° ormernimn

TOUKY Iepecevuenns jguaronasieit M. Okazasoch, uro BM =1 u M D = 2. Haiijure miomaib
ABCD.

Omeem: 9/2. Pewenue. ZBOD = 2/BAD = 120°. llycts K — cepenuna BD. Torqa MK =
1/2, KD = 3/2, OK = +/3/2, crano 6erte MK : KO = 1 : /3 u noromy ZMOK =
30°. Mostomy ZDOC = 90°, tpeyroibauk AC'D — paBHOOEIPEHHDIH MPSIMOYTOIBHbIH (CM.
puc. I8). Ilo Teopeme cunycos 3 = BD = AC'sin ZBAD, otkyna AC = 2v/3, S(ACD) =
(AC)?/4 =3, S(ABC) = S(ACD) - (BM : MD) = 3/2, S(ABCD) = 9/2.

62. Ha npsamoit mamer Toukn A, B, C, npuuém Touka B nexunr mexnay A u C, AB = 3 n
BC = 5. Ilyctb BM N — paBHOCTOPOHHUIT TpeyroJbHUK. Haiinre HanMeHbIee 3HAUCHUE
AM + CN.

Omeem: 7. Pewenrue. [loBepuém Toukn A u M Bokpyr B na 60° Tak, uroosr M nepemnuia B N
(a A nepexonut B A'). (em. puc. [[9). Torga mbl umem MuauMyM st Beipazkennss A'N + CN .
On pasen A’C' u nocruraercs, korma N € A'C. A/C? =32 + 52 +3-5.

63. Bo Brnmcannom mecruyroibanke ABCDEF okasanoch, uto AB = BC, CD = DFE n
EF = FA. lokaxure, 910 SAgcper = 2SBDF.

Pewenrue. Cm. puc. R0l Heitcrsurensuo, /DBE = Z/DBC u /ZEBF = ZFBA (B oboux ciy-
JasixX, TaK KaK OHI OMMPAIOTCS HA PABHBIE XOPJIbI), OITOMY KOIJIA MbI OTPA3UM TPEYTOJbHUK

BCD ornocurensno npsimoit BD un tpeyronbank ABF' otHocuTebHO npsimoit BF', Toukm,

Puc. 17: K 3azaue GO



cummerpudable ToukaM C' 1 A mnonaayT Ha npsmyio BE, a 3HaUnT B OJHY TOUYKY — IyCTh
510 TouKa (. [IpuMeHuB aHajiorudHoe paccyzxjenue K rpeyroibunkamM BC'D u DEF' wmbl 110-
JIy9UM, YTO U TOYKa, CUMMETPpUIHasd TOUYKH [ oTHOCUTE/NHHO Ipamoit F'D Toxe monajiaer B

TouKy O. TaMm caMbIM MbI JIOKa3a/11, 9TO TPEYroJbHIUK B D F' cK/1a/ibiBaeTCst 13 TPEYTOJIHLHIKOB

BCD, DEF n FAB, aro u o3nadaer Tpedyemoe.

KomMmbunaTopuka

64. Kieruarwiii ksagpar N X N paspesajn 10 I'DaHUIAM KJIETOK Ha MHOMOYTOJBLHUKH ILIO-
ma/ i #He Gosibine k (st Hekotoporo k > 3). Ecrb MHOIOYrOJIBHUK, KOTOPBIH MPAHUTIHT CO
BceMH ocTasbHbIMI. Jlokaxkure, uro N < v/3k.

Pewenue. TlepumeTp «II€HTPATBHOIO» MHOTOYTOJIBHUKA (KOTOPBIl IDAHIHYUT CO BCEMHU) HE
npeBocxonuT 2k + 2. CiieoBareibHO, BCEr0 MHOTOYTOJBHUKOB (BKJIIOYas MEHTPAJILHbIH) He

6oabine 2k + 3. Toraa cymmapnag mwiomaabs N2 < k(2k + 3) < 3k2.

65. Xpomble Bechl — 3TO JallledHble Bechbl 0e3 Tupb. [locsie Toro, Kak OHU BTOPOIi pa3 MOKaXKyT,

D
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YTO OJIHA U3 Yalll [epeBeNInBaCT, OHU JIOMAIOTCA HacoBceM. V3 N moneT ojiHa dasbImBasi,
Jerde Hactodnux. [Ipn kakom nanbosibiiem N MOXKHO HaiITH ee 3a k B3BEITUBAHUI Ha XPOMbBIX
Becax? (Bechr He KaJjko.)

Pewenue. PaccmoTpuM cHadasa 3ajady, KOIJIa BeChl JJOMAIOTC ¢ TepBOro pasa. loria 3a k
B3BeINBaHWi ecTh 2k + 1 pasIuaHbIX NCXOI0B (BECHI CJIOMAIOTCST Ha OJTHOM U3 k B3BEIINBAHUI
U TTOKAXKYT OJIH U3 JIBYX PE3YJIBTATOB, JIMOO JIOKUBYT JIO KOHI[A). SHAUUT, MbI HE CMOYKEM
ornpejienTh 6osiee yem 2k + 1 monet. 2k + 1 MOHET olpeJie/IMTh MOYKHO, B3BelnBas k pas3 1

n 1.
; k(k—1)
Hanee, B ncxoHoit 3a1a4e ectb 4——5—

+ 2k + 1 pasandHbIX UCXOJ0B (JiBa HEPABHOBECHUSI
C pe3ysIbTaToM, JubO OJJHO HEpaBHOBECHE C PE3yJIbTaTOM, JIHOO BCerjia PABHOBECHE). SHAUUT,
6outbiiie 2k%+1 MOHET ompeeJuTh He yaacTces. Anaropu™ s 2k 41 ciepytomnuii: BeraeM 1Ba
1o 2k — 1 moneT; inbO MbI IIOJIydaeM HepaBHOBECHE U CBOJIMM 3a/1a9y K y2Ke pacCMOTPEHHOI
¢ k — 1 ocTaBIINMUCS B3BeIINBAHUSIMU; JIN0OO MOJIydaeM paBHOBECHE U CBOJIMM 3aJ1a9y K 9TOIt
e ¢ MenbluM uncioM 2k% — 2(2k — 1) +1 = 2(k — 1) + 1 moner u k — 1 ocrapmumucst

B3pemuBanuaMmu. A. Illanosanos

66. /lanbr HaTypaJsibHbIe Yuciaa n > k. B HeKoTOpOil 1MKoJie yIeHNKN MTOCEIIAaloT 1 KPYKKOB,
npudeM il JTIOOBIX k KPYKKOB KazK/IbIi IMKOJBHIK 3aHIMAaEeTCA XOTs Obl B OJTHOM U3 HUX, HO
HU JI719 KakuX k — 1 KPy»KKOB 9TO yzKe He BepHO. KakoBo HamMeHbIee BO3MOXKHOE KOJTMIECTBO
YUYCHIKOB B TaKOil IMKoJjIe?

Pewenue: nias modbix k — 1 Kpy2KKa HaiigeTcd MIKOJbHUK, UX He nocematomuii. Ilpmaem stu
IIKOJIbHUKI JIJIsI PA3HBIX HAOOPOB KPY2KKOB 110 k — 1 paziudnbl. Torma mojydaemM, 9TO BCEro

IIKOJIbHUKOB HE MEHbIIe, YeM Cﬁfl. Ecan mKoJBLHIKOB POBHO CTOJILKO, €CTh HPUMEp: JIJIsd
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KazkJI0ro Habopa 1o k — 1 Kpy»KKY UMeeTcs €JIMHCTBEHHBIH MKOJLHUK, UX HE MOCENIAIOIINIA.

67. Ilycts n — HaTypasbHoe dnco. [Ipn Kaknx HaTypaabHbIX K < N B KBaJpaTe 1 X 1 MOYKHO
paccTaBUTL YHCJa TaK, YTOObI CyMMa BCexX Juces B TabJinile ObLIa MOJOKUTEILHOM, a cyMMa,
qnces B KaykKJIOM KBajipare k X k — oTpunareabHoi?

Omeem: npnu k ne pensinux n. Pewenue. 3amMeTum, 910 ecji N JEJIUTC Ha k, TO KBaJapar
n X n pazduBaeTcs 6e3 ocTaTKa Ha KBaJparhl k X k, TeM caMbIM TpedyeMmasi pacCTaHOBKa, YUCET
HeBO3MOXKHA. [IycTh Teneps n He jgenutcd Ha k. IIpoHyMepyeM CTPOKM U CTOJIONBI 9UCIa OT 1
710 1. B kierku, obe KOOpIMHATEI KOTOPBIX JeJIATCA Ha k ITOCTaBIM cHadasa uncia 1 — k%, a B
ocrasbuble KjeTkn — 1. Torja cymma dmciie B Beeit Tabjuie OyIeT MoJI0KNTE/ILHOMN, a cyMMa,
quces B KaxkJIoM KBajipaTe k X k paHa (. YMEHBIIUM TOIJIa BCe YUCIa B TaOJIAIE Ha TaKOoe
MaJjieHbKoe @ > (), 9To cyMMa BCEX YHCe/T OCTAHETCs MOJI0KUTEIbHOM. SIcHO, 9TO MBI TIOJIYy UM

TpedyeMyio PacCTaHOBKY.



