1V International Zhautykov Olympiad in Mathematics
Almaty, 2008

January 16, 2008. 9:00-13:00
First Day
(Each problem is worth 7 points.)

1. Points K, L, M, N are respectively the midpoints of sides AB, BC, C'D, DA in a convex
quadrilateral ABC'D. Line K M meets diagonals AC' and BD at points P and @), respectively. Line

LN meets diagonals AC' and BD at points R and S, respectively.
Prove that if AP - PC = BQ - QD then AR- RC = BS -SD.

2. A polynomial P(x) with integer coefficients is called good if it can be represented as a sum of
cubes of several polynomials (in variable z) with integer coefficients. For example, the polynomials
3 —1and 92° — 322 + 32+ 7= (z — 1)> + (22)% + 23 are good.

a) Is the polynomial P(z) = 3z + 3z" good?

b) Is the polynomial P(x) = 3z + 32" + 322°% good?

Justify your answers.

3. Let A ={(a1,...,as) | a; € N, 1 < a; <i+1foreachi=1,...,8}. A subset X C Ais
called sparse if for each two distinct elements (ay, ..., as), (b, ...,bs) € X, there exist at least three
indices i such that a; # b;.

Find the maximal possible number of elements in a sparse subset of set A.
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1. Toukn K, L, M, N — coorBercrBeHHO cepeaunbl ctopon AB, BC, C'D, DA BbIIyK/IOro
gerpipexyroybauka ABCD. Ilpamas KM nepecekaer mmaronaym AC m BD B Toukax P u Q)
coorBercTBenno. [Ipamas LN nepecekaer muaronasun AC' mu BD B Toukax R u S cOOTBETCTBEHHO.

Hoxkaxwure, aro eciiu AP - PC' = BQ - QD, o AR- RC' = BS - SD.

2. Hazoem muorowien P(z) ¢ neasivu Ko3bOUIHEHTAME TOPOWUM, €CJI €r0 MOKHO IPEJICTa~
BUTb B BUJIE CyMMBI KYyOOB HECKOJIbKMX MHOTOYJICHOB (OT IIEPEeMEeHHOM ) ¢ IeabiMu Koaddurmen-
tavu. Hanpumep, muorounenst z° — 1 u 92° — 322 + 32+ 7 = (z — 1)® + (22)° + 2° asnaorcs
XOPOIIIMU.

a) SIBnsierca sn muorounen P(z) = 3x + 327 xopommm?

b) deastercs mu muorowien P(z) = 3z + 327 + 322°%® xoporurum?

ObocHyiiTe BaIy OTBETHI.

3. Homoxum A = {(ay,...,as) | a; € N, 1 < a; < i+ 1 maseexi=1,...,8}. Ha-
30BeM TOAMHOXKeCTBO X C A paspesrcenmvim, €Cau Jyid JIOOBIX JIBYX DPA3JIMYHBIX 3JEMEHTOB
(a1,...,ag),(by,...,bg) € X cymecTBytorT XoTs ObI TPH HHJIEKCA | TAKHUX, UTO a; 7# b;.

Haiiure HanbosbIee BOSMOXKHOE KOJIMIECTBO SJIEMEHTOB B PA3PEXKEHHOM ITOJIMHOXKECTBE MHO-
KecTBa A.
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4. For each positive integer n, denote by S(n) the sum of all digits in the decimal representation
of n.

Find all positive integers n such that n = 25(n)? + 8.

5. Nonintersecting circles w; and wy with centers O; and O, touch line ¢ at points A; and A,
respectively (the circles lie on the same side of ¢). Point K is the midpoint of segment A;As.
Points B; and By are chosen on circles w; and wy respectively such that lines K'B; and KB,
touch w; and wsy respectively (point B is distinct from A;, and point By is distinct from A,).
Lines A1B; and A3 Bs meet in point L, and lines KL and O;05 meet in point P.

Prove that points By, B,, P, and L are concyclic.

6. Prove that for every positive real numbers a, b, ¢ such that abc = 1, the inequality

1 . 1 . 1 >§
(a+0b)b  (b+c)e (c+a)a ~ 2

holds.
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4. st BCAKOrO HATYpaJbHOrO 1 0bo3HaunM depe3 S(n) cymmy mudp B JIECATHIHON 3aIicu
qHCIa N
Haiisiure Bee HaTYypaiabuble n Takue, uto n = 25(n)3 + 8.

5. Hermepecekarommuecss OKpY>KHOCTH w1 U wy ¢ HeHTpamu Op u Oy Kacarorcsd npsaMoit £ B TOU-
kKax A; u Ay coorBeTCTBEHHO (OKPYKHOCTH JiesKaT 1o oy cropony or ¢). Touka K — cepenuna
orpeska Ay As. Ha oKpyKHOCTSIX wq 1 Wy BEIOpaHbI TOUYKKH By 1 By COOTBETCTBEHHO TaK, UTO IIPSi-
mble K By u K By Kacatorest wi U We COOTBETCTBEHHO (ToUKa By ormyna oT Ay, a Touka By oT/indHa
or Ag). [Ipsimbie Ay By u Ay By niepecekatorcst B Touke L, a upsimbie KL u 010y — B TOUKe P.

Hoxkaxkute, 910 TOUKHN By, By, P 1 L nexkat Ha 0HON OKPYKHOCTH.

6. /lokaxkure, 9TO I JIOOBIX MOJOXKUTEIbHBIX JIEHCTBUTENBLHBIX YHCEJT @, b, ¢ TakKux,
410 abc = 1, BBITIOJITHEHO HEPABEHCTBO

1 n 1 n 1 >§
(@a+b)b  (b+c)e (c+a)a 2



